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Abstract

We study transformers’ generalization behavior on boolean domains from the
perspective of the Fourier Spectra of their target functions. In contrast to prior
work [12} 26], which derived generalization bounds from Rademacher complexity,
we investigate the feasibility of obtaining generalization bounds via PAC-Bayes
theory. We show that sparse spectra concentrated on low-degree components enable
low-sharpness constructions with good generalization properties. Our idea is to
show the existence of flat minima implementing any boolean function of sparsity
no greater than the context length, and then apply a PAC-Bayes bound to an
idealized low-sharpness learner, resulting in a non-vacuous generalization bound.
We evaluate predictions empirically and conduct a mechanistic interpretability
study to support the realism of our theoretical construction in real transformers.

While various authors have studied the expressive capacity of transformers to express different classes
of functions [e.g. 14,16, 20, 125} 23| [19] 20| 24], their learning biases still are incompletely understood.
Edelman et al. [[12]], Trauger & Tewari [26] showed that transformers with fixed positional encodings
have a relatively small statistical complexity. Other work showed a low-sensitivity and low-degree
biases in Transformers [7} |16} 1]].

The present paper provides a generalization result for transformers learning low-degree functions,
under an idealized low-sharpness learner. In contrast to prior work on capacity-based bounds grounded
in parameter norms [[12} 26], we explore the feasibility of using PAC-Bayes methods grounded in the
existence of flat minima. Any function on a Boolean domain, f : {0,1}7 — R, possesses a unique
representation in terms of parity functions:

f@) = > Xa-xal@) §))

AC[1,T]

where x4 (z) = (> _;c 4 ;) mod 2. The degree of f is Dy := max{|A| : Ay # 0}. Re-expressing
the above sum (1) as f(z) = > ;. ¢ixs,, w is the number of nonzero coefficients (the spectral
sparsity), ¢; € R, Sy C [T are the indices of the ¢** Fourier component, and |S;| < Dy. For
simplicity, we take all Fourier components to have the same degree, i.e. |S;| = DyVt € [w]. A
function f : {0,1}7 — R of low degree, and having w < T nonzero Fourier components, can be

learned by a 1.5-layer (2 attention+1 MLP sublayers), 1-head transformer. Our bound applies to this
function class.

Theoretical Results Empirical evidence indicates that stochastic gradient descent (SGD) tends to
find solutions with maximal parameter flatness on the training dataset, especially with smaller batch
sizes [17]. Sharpness-aware minimization has now been accepted as a powerful tool for regularization
[22], while PAC-Bayes theory has used sharpness as a key term in some of the first tight generalization
bounds for deep learning [21]]. Abstracting away from training dynamics, we study a general learner
that, through implicit bias or explicit regularization, finds an interpolator that minimizes parameter
norms and the sharpness of the loss:

Definition 1 (Idealized Low-Sharpness Learner). Given a space of possible parameters © for
transformers, and a finite training set for a function f : {0,1}7 — R, find parameters © minimizing



L(fe) + a|®| + B Tr <V2 [L(fo)] ) where L(fe) is the training loss, and «, 3 are parameters

that control the aversion to high parameter norm and sharpness, respectively.

Our main theorem is a generalization bound for this learner.

Theorem 2. Let f be a target function, with degree D and sparsity w < T'. There are o, 3 > 0
such that the following holds. Let © be the solution returned by the general learning procedure on
the training set of size m. Let 0% > 0. Let L I’ (@) be the global loss, and assume that our learner
has achieved 0 training loss, Ii( fo) = 0. Suppose further that for some constant ¥ > 0, our loss

function satisfies: Ex [et[L(X’fé)’]EX [L(X’fé)”] < eiztz. For each \ > 0, with probability > 1 — 9,
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Our bound is non-vacuous: as long as m grows asymptotically fast enough, the norm term will be
o(1), and we are free to choose ¢ small to make everything o(1), yielding an overall non-vacuous
bound. The proof proceeds via PAC-Bayes theory. We first construct a transformer with small
parameter norm and low sharpness. PAC-Bayes theory implies that learned minima with such

properties will generalize well. As Oisa low-sharpness interpolator of the target function, the

(unknown) norm and sharpness of our interpolator © can be bounded by the (known) norm and the
sharpness of the exact transformer ©, leading to our bound. See App.[C|for full exposition, and[D.2]
for an empirical validation of our "low sharpness interpolator” assumption. Experiments with small
transformer models showed behavior similar to the construction (App.[D.3). Our result also applies
to Chain-of-Thought (CoT), providing another perspective on its effectiveness: For PARITY, there is
a CoT using a function of degree 2; we get a much better generalization bound for the CoT than for a
transformer performing it without CoT. See App. |E|for more.

Implications Recent work shows empirical and theoretical links between degree and generalization
of transformers [7, [1} [15]]. Our result uses these properties in a generalization bound, supporting the
degree as a complexity measure for transformers. Our work also introduces the Fourier sparsity as a
secondary factor in generalization. To our knowledge, this is the first generalization bound that relies
on explicitly upper bounding the gradients and hessian of a given class of transformers.

In we discuss the cases in which our approach could yield a tighter guarantee than a purely
norm-based approach [e.g.[12], noting that the key limitation to our bound is an outsized perturbation
term, which can make our bound less efficient than the norm-based bounds. We suggest possible
ways to address this challenge in the Limitations section [F.3]

We believe our overall approach might offer a promising path to explaining generalization for func-
tions for which there is a known canonical transformer construction. For other kinds of algorithmic
problems, one could use a canonical transformer construction that solves the problem (using e.g. the
RASP program for the task [27]), and then analyze its norms and gradients. This might lead to more
function-specific bounds than what is possible using the existing covering-number-based bounds
[12} 26]. We leave exploration of this idea to future work.

Discussion We have shown that transformers represent Boolean functions with low degree and low
sparsity in flat minima, and deduced a generalization bound via PAC-Bayes methods. This result
expands the understanding of the learning abilities and biases of the transformer architectures. Our
bound could be instantiated in practice without a priori knowing the target boolean function that
has been learned by the transformer. This can be done by sampling inputs and outputs and directly
estimating the Fourier decomposition of the function using Monte Carlo methods or Random Fourier
Features. These methods may still be considered expensive, but it is worth noting that both of these
properties (Fourier degree and sparsity) have known efficient property testing algorithms [3} [13]], and
therefore can be upper bounded with high probability with relatively few input-output samples.
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B Detailed Exposition of Setup

We can re-express the above sum (T)) as
fl@) =" eixs, @)
t=1

where w is the number of nonzero coefficients (the spectral sparsity), ¢; € R, Sy C [T] are the indices
of the t*" fourier component, and |S;| < Dy-.

For simplicity, we assume that all Fourier components have the same degree, i.e. |S;| = DfVt € [w].
We claim that a transformer representing a function f : {0,1}7 — R of low degree, and having
w < T nonzero Fourier components, can be learned by a 1.5-layer (2 attention+1 MLP sublayers),
1-head transformer. Let x; € R9*! be the embedding at the ¢ token position. The total hidden
dimension includes d purely positional dimensions as well as one extra dimension holding the bit
value. The input matrix X € R(T+1x(d+1) then has the vector x; as its ¢* row, with a special CLS
token at the end.

The attention score between locations ¢ and 7 in the first layer is given by
5 = T; W( )xjvlaj € [T]’

where W (1) ¢ R(@+1)x(d+1) j5 the combined key and query projection matrices. The softmax score
is given by
5= exp(a; ;)
MY exp(ais)
The output of the attention layer is then given by

T
b= (V) x;,
=1

where V(1) e R(@+1Dx(d+1) is our value projection. The activations after the attention layers are the
result of applying the two-layer MLP with a ReLU with a skip-connection:

gr = b + fMLP(bt) =b; + FT(MTbt +I)4

Note that our construction does not include the layer norm. We then use a second attention layer
parametrized by W (?) ¢ R(@+1)x(d+1) /(2) ¢ RIx1 guch that the output is read from the final
activation of the CLS token, i.e.

TEGWO, VO M, T, WS, V) = (V)T o (GWE) g ),

where G' € R +1)x(d+1) ig 3 matrix with rows equal to g;, V¢ € [T + 1].

C Detailed Exposition of Theoretical Results

Our theoretical results are centered around the relationship between generalization and sharpness.
Empirical evidence that stochastic gradient descent (SGD) tends to find solutions with maximal
parameter flatness on the training dataset, especially with smaller batch sizes [17]. Sharpness-aware



minimization has now been accepted as a powerful tool for regularization [22], while PAC-Bayes
theory has used sharpness as a key term in some of the first tight generalization bounds for deep
learning [21]].

We study the general setup of a learner minimizing loss, sharpness, and norm. Abstracting away from
training dynamics, we study a general learner that, through implicit bias or explicit regularization,
finds an interpolator that minimizes parameter norms and the sharpness of the loss:

Definition 3 (Idealized Low-Sharpness Learner). Given a space of possible parameters © for
transformers, and a finite training set for a function f : {0,1}7 — R, find parameters © minimizing

L(fo) +all®]| + ATr(V2[L(fo)] ). 3)

where ﬁ( fe) is the training loss, and o, B are parameters that control the aversion to high parameter
norm and sharpness, respectively.

Our main theorem will be a generalization bound for this learner.

Theorem 4. Let f be a target function, with degree Dy and sparsity w < T'. There are o, 3 > 0
such that the following holds. Let © be the solution returned by the general learning procedure on
the training set of size m. Let % > 0. Let L +(©) be the global loss, and assume that our learner has
achieved 0 training loss, L(fe) = 0 Suppose further that for some constant 3 > 0, our loss function
satisfies:

Ey [et[L(x,f@)—EX[L(X,f@)]]} <5

For each A > 0, with probability at least 1 — 6, the following bound holds:

o? - ¥2 /|16]]2 1
EeenoonL(ford] < TTr (V2 [E(forc)] ) + 2\/ = (B i)

1 2 L(w,D;,T) . 1

2 ) I

<o (Gu(w,Df)+§P(a,w,Df,T)> —|—2\/2m (7202 +ln5)
Perturbed Sharpness Term Parameter Norm Term

where
Gu(w,Dy) € O(wD}),

P(o,w,D¢,T) € O(UD?WQ (log%(T) + Dflog%(T)))

L(w, Dy, T) € O(D;i +log(T)*(wDy + T — w))

Discussion To show that the bound is non-vacuous, we note the following. The perturbed sharpness
term above does not have any polynomial dependence on 7', one of the key challenges overcome in
our proof. The only polynomial dependency on T in the above bound is the 7" dependency in the
parameter norm bound, L(w, Dy, T) € O(D‘?p +10g(T)*(wDy + T — w) € o(T3log(T)?). As long
as m grows asymptotically faster than this, the norm term will be o(1), and we are free to choose o to
be small enough to make the perturbed sharpness term also in o(1), yielding an overall non-vacuous
bound. Figure [I]shows a concrete instantiation of our bound that is non-vacuous. The generalization
gap predicted in this plot used a sample complexity of m = 10'°. While this is large, we note that the
number of possible strings of length 50 is 2°9. Since 10'® = 249 < 259, our bound is also non-trivial
for input strings of length at least 7" > 50, in the sense that it improves on the sample complexity
needed for perfect function memorization. We note that the polynomial bound on sample complexity
results whenever w < T This is a much larger class than the class of k-sparse functions.

The majority of the sample complexity in our bound comes from the presence of the perturbation
term, P (o), which carries higher degrees of the variables D, w, d and much larger constants than
the term representing the unperturbed Hessian, GG,,. The presence of this term forces o to be smaller,
and m to be larger, than our bound otherwise would. We note that the G,, term is in a sense more
fundamental than P (o), because it represents the curvature of our exact construction, which can be

'We believe that an extension of our construction would provide this for any w polynomial in 7.



bounded fairly tightly. On the other hand, our bounds on P(o) involve several imperfect techniques,
which are discussed in the limitations section. This indicates that our overall approach could lead
to much tighter bounds with far smaller sample complexity, if the analysis of perturbations were
tightened. We refer the reader to or more details on the outsized impact of P (o) in our bound.

Proof Strategy The proof of this result proceeds via PAC-Bayes theory. Our proof proceeds in two
stages. The first part is to show the existence of a construction with a small parameter volume and
low sharpness. PAC-Bayes theory then tells us that learned minima with such properties will possess
good generalization properties. The size of the perturbation o controls the trade-off between the
parameter norms and the sharpness of the loss landscape. When combined with our assumption that
O is a low-sharpness interpolator of our exact construction, ©, the (unknown) norm and sharpness of

our interpolator © can be replaced by the (known) norm and the sharpness of the exact transformer
O, for which the norm and sharpness have been bounded explicitly.

C.1 Step 1: Existence of a “Good” Construction

We specify a simple transformer construction for Boolean functions, and show that — for bounded
degree and sparsity — it has bounded norm and sharpness. Our first theoretical results show that the
trace of the loss Hessian for our construction is bounded by a function that increases polynomially in
both the maximum degree, D, and the Fourier sparsity, w. The basic intuition behind this result is
that when our construction implements a higher-degree function, the MLP must interpolate a function
of higher frequency but equal amplitude, and will therefore carry a larger derivative with respect
to changes in the parameters. As a first step, we bound the trace of the loss hessian in terms of the
norms of the gradient.

Theorem 5. Let f be a target boolean function of sparsity w < T and maximum degree Dy, and let
T (X, ©) be a transformer of context length T implementing it exactly according to our construction.
Let L(X,0) = (T(0,X) — f(X))? be the unbounded, quadratic loss for our transformer learning
the function [ evaluated at input X. Define L(fe) := E[Ly (X, ©)] to be the global loss averaged
over all possible bit strings of length T'. Then under the quadratic loss, the trace of the loss Hessian
is bounded by:

Tr(V2L(f@)) = 2||VT(X,0)|]2 < 2G,(w, D) € O(wD?)

We defer a full proof to[T]in the Appendix. Here, we provide an outline of the construction. We
start with a simple transformer construction that approximates functions on Boolean domains, based
on their Fourier-Walsh transforms. The activations at the output of the first (attention + MLP) layer
contain the values of each non-zero Fourier component x g, in one of the coordinates. From there,
our second attention layer will take a linear combination of these components with weights c;.

In order to calculate the value of each Fourier component g, at each position in the first layer, we
will make use of a purely position-aware attention mechanism with O(log(T')) scaling. This trick
allows us to overcome a theoretical limitation of transformers resulting from the softmax giving
significant weight to even inactive positions, which becomes more pronounced for large T [[14, 9]
For each position this puts weights of approximately Dif on all positions j € S, and O elsewhere.

V() g RE+Dx(d+1) jg a projection matrix that multiplies the attention weights with the bit values
and stores the normalized component sums (D% >_jes, ¥j) in the final, d + 1t dimension.

After computing this normalized prefix sum and storing it in each of the activations after the first
attention layer, we then apply the MLP to approximate the “mod 2" function. To do so minimally,
we employ the first layer MLP matrix, M € R®**(Ps+1)  which together with our bias term
I' € R>*4Pr+1) acts as a a set of indicators for each unique value in our grid of possible prefix
sums. Then our second-layer MLP matrix F' € R*(Ps+1)* Jinearly combines these indicators with
the correct memorized function values. ﬂ Finally, we leverage a second attention layer whose sole
purpose is to linearly combine the parity of each component stored in the first w positions of the final
activation, using the Fourier-Walsh weights c;.

2This assumption about the MLP function being a periodic trapezoidal wave to interpolate the Mod 2 function,
as opposed to for example a triangular wave, is key to our ability to limit the probability of any neuron in the
MLP flipping from being active to inactive, thereby simplifying the analysis



The following theorem approximates the error of the perturbed transformer on a test point, assuming
the model has achieved 0 error on the training set.

Our next result upper bounds the trace term on the right through a series of steps. First, we bound
the trace of the hessian of the loss with two major terms: the unperturbed hessian and the perturbed
Hessian. As shown in[5] the unperturbed Hessian is controlled by the norm of the gradient. The
perturbed Hessian term itself consists of two major terms: the norm of the gradient of the transformer
evaluated at the perturbed weights (bounded in[28)), and a term involving a product of the loss of the
perturbed transformer and the trace of the hessian of the perturbed transformer. Bounds on these are
derived in[22] and 29] respectively. Next, we upper bound the trace of the perturbed transformer’s
Hessian using a bound on its maximum eigenvalue, which itself is upper bounded in[29] While this
incurs a factor of |©|, which may seem large, by modifying our basic construction to use random
projections we can reduce the dimensions needed for our construction to O(log(T')), thereby reducing
the total parameter count to O(D log(T) + log(T)?).

Theorem 6. Given our perturbed transformer T (X, © + (), we can upper bound the trace of the
hessian as follows:

Tr(V*[L(fo+c)] ) < 2Gu(w, Dy) + P(o)

where

P(o) = 2Gy(0,w, Dy, T) (2Gu(w, Dy) + G0, w, Df,T))

+Ty(0w, Dy, T)(Hulw, Dy, T) + Hy(o,w, Dy, T) ) O]

The proof is given in Theorem We stress that the need to evaluate the hessian of the loss
of the transformer at a perturbed point arises from the fact that we are making a second-order
Taylor approximation to the sharpness. While we could have simply written the trace of our exact
construction plus an error term that is O(o?), this would have lacked rigor, as it would potentially
bury hidden factors in w, D, T that could be significant. Indeed, our explicit calculation of these
perturbation remainder terms shows that without a higher-order approximation, the remainder term is
significant unless o is extremely small compared to w, Dy, and T'.

C.2 Step 2: PAC-Bayes

Our construction provides an interpolator © with 0 training loss for some particular values of

e, r <V2 [ﬁ( fo)] ) . For some setting of the regularization parameters ¢, /3, one can thus find a

interpolator © for which parameter norms and sharpness will both be upper-bounded by those of ©:
L(fe) =0,Tr (V2 [ﬁ(fé)]) <Tr (V2 [ﬁ(f@)D, |6]| < [|©|| Thus, our construction provides
information about the outcome of this general learner even if it finds an entirely different construction.

To show that © has good generalization properties, we can leverage the machinery of PAC-Bayes
theory. PAC-Bayes theory considers the weights learned during training to be a data-dependent
distribution (referred to as the "posterior”, denoted by Q), which is compared against the initial
distribution of weights (referred to as the "prior", denoted by P) using the KL divergence to bound
the generalization gap. Our specific PAC-Bayes bound builds upon a variant due to [4]. Our approach
is to use the assumed low-sharpness interpolator of our construction as the center of the posterior
distribution. This version of the PAC-Bayes bound can be expressed in such a way that it includes
a term representing the parameter sharpness on the training set. We further adapt our bound to the
case of a quadratic loss, using the assumption that the test losses are sub-gaussian. E] For a detailed
derivation of our Oracle PAC-Bayes bound, see [H.6]in the appendix.

*We note that our PAC-Bayes bound is of the type where the bound on the sharpness is not data-dependent,
but rather dependent on other assumptions about the complexity of the target function and the learning algorithm.
These PAC-Bayes bounds are referred to by e.g. [4] as “Oracle PAC-Bayes Bounds”
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Comparison of Empirical and Theoretical Generalization Gap by Degree, width (m=1.0e+15)
Theoretical Empirical
—e— Width=1.0
1 —s— Width=7.0
0.025 —e— Width=14.0
—e— Width=20.0

0.015

Generalzation Gap

0.005

2 3 a4 5 2 3 4 5

Figure 1: (left) A plot showing our generalization bound for a fixed o = 1078, m = 10'°. (right)
A plot showing the average empirical generalization gap over a sample of 5 functions from each
Degree, Sparsity class. We note that, as predicted by our generalization bound, the gap increases
super-linearly with degree, and the rate of increase increases with larger sparsity. The size of the
training set here is 8192.

D Experiments

D.1 Generalization Gap

As a first step in instantiating our bound, we algorithmically picked our values for X, m according to
the procedure described in [g With the bound of E] instantiated, we then had to pick the value to be
used for 0. As described in[H.6] we chose ¢ based on the minimum of the optimal s in our set of
complexity classes.

With our bound instantiated, we obtained the predictions that an increase in both of the complexity
parameters Dy, w should increase the generalization gap super-linearly, and that since they are
multiplied together in our bound, the increasing one of the complexity parameters should increase the
rate of increase for the other. We then validated these predictions empirically.

For our main experiments for calculating the empirical generalization gap, we trained a simple
transformer with 2 layers and 1 head, and without layernorm as in our construction. Due to the
difficulty in generating boolean functions of arbitrary spectral sparsity and degree, we opted to relax
this requirement to functions on a boolean domain. Note that our above theoretical analysis is valid
for any function with a Fourier-Walsh spectrum with all-positive coefficients and sparsity no greater
than the sequence length, T.

In order to simplify both our analysis and our experiments, we restricted the class of functions to
those with a constant degree for all components. In order to generate such random functions, we
generate the coefficients according to a standard normal distribution, and then normalize them so
that they were centered and with variance 1. For the Fourier components of degree D, we select
a random subset of size Dy from our 7" input dimensions by selecting the initial w elements of a
permutation of all D sized combinations of [1...T7].
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D.2 Validating Low-Sharpness Interpolator Assumption

In order to validate our approach, we hard-coded a transformer according to our exact construction,
and compared its sharpness (as measured by the trace of the loss Hessian) to that of our learned
solutions for each degree and sparsity. We find that in general, both the sharpness and Frobenius
norm of the hard-coded transformer were significantly higher than that of the learned constructions,
empirically validating our low-sharpness interpolator assumption. This is a key assumption in our
methodology.

Comparison of Hessian Trace for Empirical vs Theoretical Bound

1.0 15 20 25 3.0 35 40
I L

I |
Empirical Theoretical

4e+05 r

3e+05 - 4 ;) F

1-sparse ———
7-sparse

/ 14-sparse

2e+05 - r 20-sparse

Trace Hessian

1e+05 |

0e+00 _—

10 15 2.0 25 30 35 4.0
Degree

Figure 2: Right: the sharpness (as measured by the trace of the loss Hessian) of our exact construction
for each degree and sparsity. Left: the sharpness of the learned solutions for each degree and sparsity.
Note that the sharpness of our construction indeed upper bounds the sharpness of the learned solutions
at each degree and sparsity, by roughly two orders of magnitude.

D.3 Mechanistic Interpretability

While our bound does not directly rely on the assumption that anything resembling our construction
is actually learned in practice, it would nonetheless provide additional supporting evidence for the
relevancy of our constructive approach. To demonstrate this, we conducted experiments with small
transformer models. These models were designed with fixed embedding sizes of 1" 4 2, where the
first T' channels correspond to hard-coded one-hot positional embeddings, and the remaining channel
represents one-hot encoded bit values. Additionally, we constrained the multi-layer perceptron (MLP)
hidden dimension to 32 to ensure a compact model size matching our construction. In order to be
able to better visualize the behavior of the MLP, our mechinterp experiments projected down to a
single dimension after the attention sub-layer, so that the MLP matrices are all 4(Ds + 1) x 1 or
1 x4(Dy + 1) vectors. Since this would be incompatible with a second attention layer, we replace the
second layer with a simple (7' + 1) x 1 projection that performs the final linear combination, rather
than using a purely position-aware attention mechanism (the expectation is that these parameters
will store the values of the Fourier-Walsh coefficients ¢;). The model contained just over 1000
parameters total. We visualized the attention weight matrix W (1) and observed that in most cases,
W™ contained rows corresponding to the Fourier components of its learned function, i.e. depicting
bright spots in columns corresponding to the bits in a Fourier component. For example, in Figure
E} one can identify rows corresponding clearly to the components xg9x14217 and z3xgx11, while the
third component, with the smallest coefficient, is less identifiable.
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Comparison of Norm for Empirical vs Theoretical Bound

1.0 15 20 285 3.0 35 40
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Figure 3: Right: the Frobenius norm of our exact constructions for each degree and sparsity. Left:
the Frobenius norm of the learned solutions for each degree and sparsity. Note that the norm of our

construction indeed upper bounds the norm of the learned solutions for each degree and sparsity, by
around two orders of magnitude.

QK.T F(relu(MX+G))+b

=0.2

] HE =u -0.4
0 5 10 15 20 =0.5 0 0.5

Figure 4: Left: A plot showing the combined attention matrix W for a function learned with an
architecture matching our construction. Right: The learned 1-dimensional MLP function, which
appears to exhibit cyclical behavior.

E Result for Chain of Thought

‘We now apply our theoretical framework to understand the benefit of chain-of-thought for computing
high-degree functions. It is well-documented that computing intermediate steps substantially boosts
transformers’ ability to learn to compute high-degree functions such as Parity [e.g.[3, [15,[1]. As an
explanation for this benefit, we now use our techniques to show a favorable learning bound for Parity
in the presence of chain-of-thought:

Theorem 7. Let T € N. Let f1,. .., fr where fi(x1...x7f1... fi-1) = ®jSifE]’. Let@/c-;(a,ﬂ)

be the solution returned by the general learning procedure on the training set of size m jointly
consisting of these functions using regularization parameters «, 8, and let dc o1 (v, B) be the expected
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—_—
final error for a chain of T' auto-regressive steps using the transformer parametrized by © ¢, to
solve the Parity Task of length T. Then there exist regularization parameters a.cor, Boor Such that

2
mep (2Gu(1’2>+P(o,1,2,T>) +4020

5COT ((XCoTa ﬁCoT) S Te—m €

The proof is deferred to [30]in the appendix. It follows a straightforward application of our gener-
alization bound for w = 1 and Dy = 2, T, and uses the fact that all of the functions G(), P(),
and L() are superlinear in 7. We defer the reader to [8]] for a mechanistic interpretability study of
similar, simple“iteration heads” in transformers. In contrast, when learning to compute Parity without
intermediate steps, a substantially less favorable bound remains:

Theorem 8. Let 6-0\}3(0[, B) be the solution returned by the general learning procedure on the
training set of size m consisting of only the inputs and outputs of the complete Parity task of length
T, i.e. the functions f(x1...xr) = @;<r x;. Let Sop(a, B) be the expected error for a single

pass of a transformer parameterized by © o p(a, B) on the parity task of length T. Then there exist
regularization parameters aop, Bop such that

mo? L(1,T,T
e (20,‘,(1,T)+P(a,1,T,T))+%

__m_
dop < e ™%e

ma?T TL(L,2,T)
< 678777%6 552 <2Gu(172)+P(07172»T)>+ Py
In other words, our bound on the error for Parity increases exponentially with length when using the
one-pass approach, whereas using the CoT approach, the error increases only linearly with T.

It is worth comparing to prior theoretical accounts for the benefit of chain-of-thought for Parity. Abbé
et al. [2] argue that functions with high Globality Degree require a chain-of-thought to be learned
efficiently, though the general version of this claim remains conjectural. Hahn & Rofin [[15] show
that transformers face a very steep loss landscape when learning Parity, but do not show a converse
positive result showing that chain-of-thought makes learning easy. Kim & Suzuki [18] show that
chain-of-thought helps transformers learn sparse (subset) parities, whereas our result applies to the
full Parity function applying to all input bits.

F Further Discussion

F.1 Implications

Much recent work has analyzed the ability of transformers to learn boolean functions, and linked
certain properties such as low-degree or low-sensitivity of the target function to the hardness of
learning. While these studies showed strong empirical and theoretical links between boolean degree
and sensitivity to generalization in transformers [7, [1, [15], ours directly uses the properties of
these functions in a generalization bound. Furthermore, there is a link between boolean degree
and sensitivity, in that low-sensitivity functions are “close" to juntas with high probability, and are
therefore capped in their maximum degree [11]. Thus, our bound further cements both boolean degree
and sensitivity as complexity measures for transformers. We also introduce the Fourier sparsity as
a secondary factor in generalization, adding to our understanding of precisely what makes certain
boolean functions hard for transformers to learn.

To our knowledge, this is the first generalization bound that relies on explicitly upper bounding
the gradients and hessian of a given class of transformers. For a certain class of low-sharpness
interpolators of these constructed transformers, we were able to derive non-vacuous limits on the
global quadratic loss of our transformer for arbitrary functions on a boolean domain. We believe our
overall methodology offers a promising new approach to explaining generalization in transformers
for which there is a specific, known construction that is plausibly learned by them in practice
(ideally, supported with mechanistic interpretability studies). For other kinds of algorithmic problems,
one could design a transformer to solve the task (or use a specialized programming language for
constructing transformers, such as RASP [27]), and then employ automated symbolic solvers to
calculate derivatives of the construction.

Beyond the academic and theoretical, our work has potentially broad societal implications. For
example, we might suppose that a transformer-based Al targeting system for warfare is trained
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on some targeting function. When trained on targeting, after some image processing in the lower
layers, we hypothesize that at some point in the network’s layers there is a circuit implementing a
high-degree boolean function — in other words, one involving a conjunction of many distinct logical
conditions which must be met — on some abstract input space involving concepts about the image.
Our theoretical results suggest that “vanilla” transformers likely cannot generalize well on such tasks
without CoT. This could have major societal implications that affect e.g. how one should conduct
training, and how one should perform testing and evaluation for such tasks.

F.2 Related Work

The work of [9]] showed that, even though transformers can be explicitly constructed to learn highly
sensitive (and high degree) boolean functions such as parity, hence are not limited by their expressivity,
these functions remained difficult for a transformer to learn. In particular, they showed that the reason
for this difficulty learning mechanistically speaking is that they induce a strongly oscillating loss
curve in the immediately vicinity of some of the key parameters. Still other work such as [19]
showed an explicit construction for how parity was learned by transformers using a “shortcut", which
explicitly memorized the mod-2 function in the MLP. These two observations, when combined, led
to the key insight behind our work: that for higher degree boolean functions, the oscillating function
approximated by the MLP will have higher curvature, which should lead to a larger magnitude of
the hessian than for lower-degree functions. This intuition turned out to be correct, and serves as the
primary basis for our PAC-Bayes bound.

Some of our methods are inspired by techniques in Deora et al. [10], but substantial changes were
needed. Their construction did not have an MLP or second attention layer like ours, and differed in
some other ways, but demonstrated key techniques such as using finite differences to calculate the
Gradients and the Hessian. In addition, the techniques used in bounding the perturbed gradients share
many commonalities with the techniques used by Edelman et al. [[12] .

F.3 Limitations

One of the main limitations of our bound is the perturbation term P (o) appearing in our bound on the
trace of the perturbed loss hessian. While this enabled a fully analytical approach, these bounds on
the perturbation terms are likely far from tight, based on our analysis of its outsized role in our bound
in[H.6] One possible remedy to this situation would be to use parameter- or parameter-group specific
perturbation variances, so that parameters for which the scale is smaller or the overall sensitivity of the
transformer is higher can have a smaller variance, without causing the KL term to blow up. Another
possible remedy is to use a higher order approximation to the sharpness term. If it were a third order
approximation, we would be able to use the exact bound on the hessian, which would simply be
Gu(w,Dy) € O(wD:}). Meanwhile, it would be the third derivative that needs to be evaluated at a

perturbed point; but these perturbations would now be multiplied by a factor of ¢ rather than o2,
alleviating the constraint on o to be as small compared to other undesired factors such as 7.

Additionally, we note that for larger networks, the |©| term becomes prohibitive, even if we are using
tricks like random projections. Using automated solvers to approximate the trace of the loss hessian
for larger networks directly, rather than going through the operator norm, would be more scalable.

G Experimental Implementation Details

For our experiments, we trained our simple transformer on 5 randomly sampled functions from each
(sparsity,degree) complexity class, with the degree ranging from 1 to 5, and the sparsity ranging from
1 to 20; specifically, we let w € {1,7,14,20}. We chose as our context length 7" = 50 In order to
help in debugging and reproducibility, we set the seed for the pseudorandom generator involved in
generating the above functions, based on the concatenation of (i, degree, sparsity) interpreted as an
integer, where i is the index of the function sampled within each class. All functions are trained until
they have a training loss below 0.01, or else they are discarded from our analysis. We found that there
was significant variability in the hardness of learning of these random functions even within each
function class, and our model did not converge randomly for some functions scattered across various
degrees and sparsities.
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In order to instantiate our bound, we needed to estimate the value of the subgaussian constant. We did
so for several different functions trained to nearly perfect training loss, by analyzing the distribution
of the validation losses, calculating the moment generating function, and then finding the smallest o
such that a centered gaussian with standard deviation ¢ has an MGF that strictly dominates that of our
losses. We found X empirically to fall in the [.01,.1] range. Thus we use 3 = 0.01 as a reasonable
setting for this parameter when instantiating our bound.

As a next step in instantiating our bound, we needed to set m. To do so, we created a grid over the
values of Dy, w that are described above, with T' = 50. We then slowly increased m until our bound
yielded a generalization error of less than 1, and chose this m as our minimal sample complexity.

Training was performed using a dataset of 8192 randomly generated binary strings of length 50 on 8
A100 GPUs using the DistributedDataParallel package with the "nccl" backend. We found that the
rate and likelihood of convergence was strongly dependent on the batch size. While we would have
preferred to use larger batch sizes for greater efficiency, we found that convergence to lower losses
was much less likely with batches larger than 64 (per GPU), and therefore used this as our batch size.
We trained each model until it either reached a loss of 0.01 or training had reached 15,000 epochs.
We used a learning rate of 5 x 10~2, a weight decay of 0.0001, no dropout. The hidden dimension
used was 22, and the feed forward dimension was 32. Using these hyperparameters, it took roughly
one day to train all 5 random functions from each of the 20 complexity classes.

Our transformer was written using the pytorch library, and was based on the standard implementation
of a 1-layer, 1-head transformer from the transformers python library. However we made the
appropriate modifications to match our construction above, including the removal of the layernorm,
explicit encoding of the positional embedding to match our one-hot positional encoding, a final matrix
projection layer, and log scaling of the attention logits. during an ablation study, we found that the
results of our experiments did not change qualitatively when we added or removed the layernorm
before and/or after the MLP sublayer.

One difference between our construction above and the transformer used in our experiments is that
our transformer uses both a larger hidden dimension and a larger MLP width than the theoretical
construction. The main reason for this was simply that we found convergence to be much faster with
a larger model. We were able to confirm that for smaller degrees and sparsities, convergence was
achieved with the minimum number of dimensions described by our construction, i.e. N dimensions
for the positional encoding, and only 2 additional dimensions. Indeed, this minimal transformer is
what was used during our mechanistic interpretability study. Still, due to the hardness of learning
functions with larger degrees and sparsities, we found a larger model to be necessary to obtain our
main results showing generalization over various degrees and sparsities in a reasonable amount of
time.

H Complete Construction

We define a transformer that takes bitstrings of length 7" as input. We reserve a special token at
the end of the sequence called the C'LS token, which is where the final output will be read from.
Therefore, the actual input has 7" 4 1 positions. For each position ¢ € [T + 1], we define our input
vector to be

gy ={I[t=1],...I[t =T + 1], 2} € RT+?

where z; € {0, 1} is the value of the t*" bit. For the CLS token, we always fix zp1 = 0. Note that
in our initial construction, the input dimension is 7" + 2. We are working towards a construction that
approximates this one with fewer dimensions, which we will define at the end of this section.

In order to calculate the value of each Fourier component X s, at each position in the first layer, we
will make use of a purely position-aware attention mechanism with O(log(T')) scaling. For each
position in the first w rows of the attention matrix, this puts weights of approximately Di on all

positions j € S, and 0 elsewhere. We want both the C'L.S token and the non-active positions (which
will all have uniform attention patterns) to pass through the attention layer with no operation. This
can be accomplished by forcing these positions to attend only to the CLS token. L.e.,
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v 200g(T) ifi €S V(i=T+1IAt>w)= @
0 ifi ¢ SAG#AT+1VE<w)
so that
% ifie S,
iy = m ifigSN(I#T+1Vt<w) ®
T ifi=T+1At>w
In the limit of 7" large, this becomes
D% ifie S,
aip =40 ifigdSiAN(I#AT+1Vt<w) (6)

1 ifi=T+1INt>w

H1 OW, KM

We let Q) K1) ¢ R(T+2)x(T+1) We define Q! to be a diagonal matrix which holds a scaling
factor of 2log(T) on each of the diagonals.

Qb ) = {2log(T) s=t ' o

0 otherwise

We define K1) to be a matrix such that the first w columns contain inclusion indicators for each
component in the first 7" rows, followed by T' + 1 — (w) columns which have all zeros except for the,
T + 1** row, which has a 1. The final, (T + 2)”‘ column and row are all Os.

7O _ if(sexs,tew)vVs=T+1tew+1,T+1] @®)
st O otherwise
Note that
T+1
7 @) = 3 2oa(T) (i = s =
= 2log(T)I[i = t}]

and

T

(yf KWy => "I[j=slI[(s€xs, Nt EW]) V(s =T +1,t€[w+1,T+1])]
s=1
=I(jexs, Ntew)VvV(i=T+1tew+1,T+1])]

Thus

;= T Q) T RO = 210g(T) (11> wl A = T+ 1]+ Y10 = 010 € x,))

t=1

=2og(T)(I[j € xs, V(i€ w+1,T+1Aj=T+1)]),

which matches our the desired behavior for attention weights in the first layer. The output of this
stepisa (T+1) x (T'+1) attention matrix, where each of the first w rows corresponds to the i'"
Fourier component, and has ‘XS i in column j if position 5 is a member of the i*” Fourier component.

All other rows simply give uniform attention, except the last row, which is is an identity mapping
(corresponding to a no-op in the case of the CLS token).
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H.2 Random projections for log(T") width

Suppose we add a projection matrix into our attention mechanism: define af; =

yl JITQW (KT 7J Ty, where J € RT+2X4+1 i an additional inner projection matrix with
entries in the first 7'+ 1 rows and d columns that are i.i.d. normally distributed with standard deviation
1

Nk and a 1 in bottom right element, and all else 0 in the last row and column, i.e. J;; ~ ﬁj\/ (0,1).

fori € [T+ 1],j € [d], It is an immediate consequence of the Johnson-Lindenstrauss Lemma that

for any fixed €, > 0, for any integer d > SZ%;T).

Pr{I(@W) 17 i, (KDY 1Ty = (QUW) i Ky)| < ] > 1 -2 4(E %)

This trick allows us to define our projected inputs, z; = J Tytie R™, where n € O(log(T")), using
modified attention matrices Q) = JTQW and K = JT K1) 5o that the overall output of the
network is approximately the same as for the original network.

H3 VO

For our value matrix, we define V(1) ¢ R(T+2)x(T+2)

— 1 if s=T+2 and i=T+2
7AS 9
85 0 otherwise ©)
Thus
T+1
yIv® = Z yl-,SVS(’lqur1 = concat(0r41,2;}
s=1

Now, for notational simplicity we write W) = Q) (KT 'and we define the output at position ¢
after the first attention layer as ;, where we are representing @, as a (7' + 2) x 1 column vector. In
order to express this desired quantity as a column vector, we find it useful to transpose our transformer
construction, so that

_ - k
Uy = (V(l))TYT¢(Y(W(1))Tyt) — concat(0T+17 th} c R(T+2)
!

We can easily modify our definition of V to work with our dimension-reduced inputs instead. We can
replace V(Y with V(1 = JTY (1) J ¢ RE+D*(d+1) and rewrite the output of our attention layer in
terms of our dimension-reduced inputs X = Y .J as

uy = (VT JITY T (v JITWNT JJTy) =~
We work with the attention output in the dimension reduced space:
by i= JTuy € R
= (VYT XTo(xWWzy)
We note that using our definition of Vzl), the only effect of applying the random projection is to
reduce the matrix’s dimensions: since all of the upper left (7' + 1) x (T' + 1) block is 0 anyways,
and this is the the only portion subject to random projections, this block simply gets replaced with a

d x d block of zeros. This approximation allows us to achieve a correct construction with a width of
only d € O(log(T)).

H4 M, F,T in MLP layer

Next, we make use of a wide MLP layer which interpolates the "mod 2" function, or alternatively,
interpolates the function

m:R— R m(z) = ;(1 +sin(7r<Df * T+ ;)))
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: Dj—1 . . .
on the domain z € {0, D%J e zfjf ,1}. Below, we sometimes write m (M) where M is a vector or

a matrix. In these cases, we can understand this to mean m applied element-wise.

Note that the maximum value for £; is D¢, and thus the domain of the function needing to be
memorized has cardinality at most D -+ 1. In order to memorize such a function, using a construction
similar to that of [19] or [9], we require 4(Ds + 1) MLP units. This creates a first layer that acts
as an indicator function I[k = 4] in a lookup table, with the second layer of the MLP storing the
function values.

Theorem 9. Let M € RT+2)x4Ds+1) T ¢ RADsHY gnd F € REDs+))>X(T+2) | For each
i€ [Dy] hi €{0, 2., 21 1}, Let

"Dy Txs,
M;; =0,Vt,i € [T+ 1]

M, =1,Vti=T+?2

— 2
Tyisg = —hi —
4i—3 4Df
_ 1
Taimo = —hy — ——
47—2 4Df
Ty f,h,+i
4i—1 — i 4Df
— 2
Ty = —hi + ——
4 +4Df

and let -
Fi,=0Vie[dD+ f+1)],te[T+1]

Fyi_3 142 = 4m(h;)DsVi € [Dy]
Fyi—a o = —4m(h;)DyVi € [Dy]
Fyi1 1o = —4m(h;)DyVi € [Dy]

Fyiry2 = 4m(h;) DyVi € [Dy]

Then the function I _
ge = FT(M"b, + 1)

(oo 3))) = (o))

on the domain of possible values of by, a grid of the possible values of our scaled prefix sums, h;.

interpolates

Proof: First, we look at the product M b, .

_ k - k
T t T t T

It is easy to see that

mam({MTbt + F} 4;—2’0) = (ke — (;f g))+
max([MTbt + F} 41_2,0) = (ke — %f %))4-
mas (1170, + 1] 0) = Bl



Finally, we calculate the product as three separate sums:
max(b;M +TT,0)F
Dy+1
= 4Dym(h;) Z (b =Tai—3)4 — (bs = Tai—2)+ — (bt — Lagm1)+ + (b — L)+
i=1
Derl
. 6 . D .3 .2
=dm(h;) > (ky — (i — Z)Jr — (ke — (i — 1)+ — (ke — (1= Z)Jr + (ke — (1 — 1))+
i=1
The above expression is only nonzero on the integers when k; = ¢ — 1, in which case its value is
FTmaz(M7Tb, +T,0) = m(h;), proving the claim. The function is a piecewise-linear ‘trapezoidal’
wave alternating between 0 and 1.

Let us denote this trapezoidal wave function of our MLP by h(b;) = FT(M7Tb;+T) . The derivative
1/ (b) is easily shown to be a square wave that alternates between —4D ¢, 0 and 4D. The second
derivative of h is 0 almost everywhere. We will see later that we avoid dealing with the second
derivative entirely, by using first order Taylor approximations and finite differences rather than exact
derivatives. After the MLP layer, we now have k;mod2 stored in each post-MLP activation, h;, as
desired.

Just as the other matrices were compressed using random projections, we similarly can define the
dimension-reduced matrices M = J' M and F' = F'J. We note that in the case of the MLP matrices,
the random projection portion of the J matrix has no effect other than to shrink the size of the 0
blocks of these matrices from having one dimension of size 7"+ 1 to that dimension now having size
d, while maintaining their original values in the final row and column, respectively.

We will find it useful to refer to the MLP outputs in the dimension-reduced space,

g = JTht c R(d—‘,—l)xl

HS5 W@,/ @)

To get out final output, we linearly combine the individual Fourier components from the MLP
function, g,. To do so, we implement a final transformer “half-layer”, or, a layer consisting of just an
attention sub-layer (but no MLP sub-layer). In this sub-layer, The inner attention projection matrix
for the full dimension inputs, W2, is a (T + 2) x (T + 2) matrix with only the penultimate row
nonzero. This row contains log(c;T?), in the first w entries, and 0 elsewhere. The value matrix in
the second layer is V(2), which is a (T + 2) x 1 vector which selects the final dimension from the
incoming vector and scales it by a factor of D = Y7 | ¢;.

Note that the second layer’s pre-softmax attention output at the (¢, s) position is zero in all but the last

row, which has entries given by agil7t = g1 W@ g = log(c;T?),Vt < w. Taking the softmax of
this first row of the attention matrix yields:

2
) elog(ctT ) CtT2 c o

= fr— f— %
Tt T Ty oo™~ Thl-wt T2y ¢ I ip D

Finally, the V() is defined to have s everywhere except the final dimension, which has a value of
D, so that the final activation is equal to:

T T T
~(2 = Ct

Z G(TJ)rLtgtTV(Q) = Z Bgt,TJrQD = Z Ctgt, T+2

=1 =1 t=1

Recall from above that in the final dimension of the output of the MLP, g; 72, is stored the parity
of component ¢ for the input string. Thus the above formula matches the definition of our target
function.

The dimension-reduced versions of V(2) and W (2) are obtained through the same overall pattern as
the other matrices:
V@ — JTV(Q)’ w® — JTw@ g
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Our complete transformer output can then be written in a series of the following “blocks” correspond-
ing to the three sub-layers involved in our construction:

T(X,W,V,M,F, 0, W® V@) = (VOYTGT(¢(G(W )  gr11))

where
gt
g =t + FT (M7 +T) Gi= | ... | @ROTDXEHD
" 9%+1
bl
by = (V(l))TXT¢(XT(W(1))Txt)7B . | e R@FYx(d+D)
br 1

Note that we have a residual connection after the MLP, but not after the first attention layer; in
other words, the matrix B is missing the (randomly projected) positional encoding bits in the first d
dimensions, unlike X and G.

Theorem 10. Let 7(X,0) : RT+VX(@+) R be the I-layer transformer as defined above. Let
f:{0,1}T — R be a function with a Fourier spectrum as described above: with maximum degree
Dy, and with a sparsity w at most T'. Then we have the following bounds on the input and parameter
norms:

1X|2.00 £ V2,
XV g0 S 1.
IXVPeqiifoo S 1.
1Gll2,00 S V2
1Gll1,00 S 1
lgr+1l] S 1
1GVP | £ V0
IGVP g w
V@ g Ve
|1B]l2,00 S 1
[1Bl]1,00 S 1-

VN griq]] S 2Vwlog(T)
|GW Ty o S 2log(T)

~

W@, < 2vwlog(T)

Proof. || X||2,00 is the maximum row 2-norm. X =Y Jisa ((T'+ 1) x (d + 1)) matrix where each

entry in the ¢ row is a gaussian R.V. with standard deviation %, with the exception of the final

column, which stores the bit value. Therefore the 2-norm of each row of Y'.J is upper bounded by

Note that 2?21 JE’ ; 1s a chi-squared R.V. with d degrees of freedom. In |28 we show that with
probability 1 — §, such an R. V. is upper bounded as
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1 1 1
< —= - Z
N ﬁ¢d+2\/dwg<5>+2wg<5>

To upper bound the maximum of 7" such variables, we apply a union bound:

1 T T
< = _ _
max |ler.|| < < (d+2y/dlog(5) + 2log(5))

Note that per our definition of d, d > &%Q(T). Therefore, with probability at least 1 — 6,
P

tog(5)  ,  1os(§)
8log(T) P8log(T)

<1i+2
max [le;:|| <1+ 2¢p

5 & s
—1+-Z 1—7+—”(177)
V2 log(T) 4 log(T)
2
€ €

S1+—=+-7
Since we can make €, arbitrarily small, the above expression approach 1, and then we can approximate
1 X|]2.00 S V1 +1 = /2 (in the case that the bit value z is 1). To approximately upper bound
[|X]1,00, the maximum element of Y'.J, we simply consider the composition of the matrix X, which
has the upper left (7" x d) sub-matrix as gaussian random variables with standard deviation %, and
then a final column of the bit values. Since d € O(log(T)), the probability of all terms being less
than 1 is overwhelmingly likely. The expectation of the maximum of m random variables is known to

. . 1
be o/2log(m) + o(1) With o = % and m = Tlog(T), this becomes RO e e B 0

for large T'. Thus the expectation is in o(1). Therefore we approximate || X ||1,0c < 1.

To bound || XV ™)||3 o, note that YV (1) is a matrix similar to Y, in that the final column contains all
of the bit values of Y, but all previous columns which held the positional encodings are 0. Therefore,
YV could have a maximum row 2-norm of 1.. The matrix XV = Y. JJTV ) approximates
YV since the error from our random projections approximation €p can be made arbitrarily small.
In particular,

XV g oo = |[YTTTVO |y o0 < [|[YVD | + [V TTTVD — Yy VD5

<YV a0 + ¥ [2,00[ STV = VOly < [[Y VD200 + ][V [[2,00 V]2,

<YVO o0 + V26,
where the second to last inequality follows from JLL, and the last step follows from our bound

on ||Y|2,, and the fact that V(1) has only a single nonzero value, which is 1, and therefore its
maximum singular value can be no larger than 1. Thus,

IXV[2,00 S 1

Similarly, we consider the || XV ey, 1|0, which is approximated by ||[Y VM ey || due to JLL.
the maximum value in the final column of YV () as described above, is 1. Thus

S1

~
~

XV el

We now consider the norms relating to our MLP output matrix, G € R(T+Dx(@+1) Tet A €
R(T+1)x(T+2) pe the full-dimension MLP output matrix using the full-dimensional parameter matri-
ces. The maximum column 2—norm of H is at most /7 + 1, since there could be 1s in any element
of the final column. The maximum row 2-norm is /2 because there are at most 2 nonzero bits per
row. The output of the dimension reduced transformer H € R(T+1*(T+2) can be made arbitrarily

close to H, and thus we have
H[li2 S VT +1
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1Hll2,00 S V2
To bound these norms for the dimension-reduced MLP output matrix G, we note that G = HJ. and
that the overall structure of H is exactly the same as that of Y above: each row has two possible
nonzero elements: one for the positional encoding, and another variable bit value in the 7" + 2t"
column. therefore we can apply the exact same arguments to conclude that

1G 2,00 = [1H I llz,00 S [1H]|2,00 = V2

We can apply this argument once more to approximately upper bound the maximum element of G :
G100 = [[HI 11,00 £ [[H]|l1,00 = 1.

> We will also find it useful to bound the 2-norm of the final post-MLP activation, ||g7+1||. Note

that the d + 1*" dimension for the C'LS token is always 0. Therefore ||g7 1] is a chi-distributed
variable with d degrees of freedom and standard deviation %. Thus with high probability, for large

d it becomes tightly concentrated around 1. We thus approximate ||gr41|| < 1.

We consider the maximum row 2-norm of the matrix G’V (2). We can argue the same way as above in
our bound on || XV ||y o, that ||GVP)||o, = ||[HIJTV?)||, approximates || HV 2 ||, arbitrar-
ily well. Since HV(?) is a vector containing a copy of the final column of H, which are the MLP
outputs in {0, 1}, but scaled by a factor of D, we can conclude that || HV?)||,, < D. Therefore we
conclude that

1GV®|o £ D
Now, note that

w w
DZZQSZ\CHS\/‘;
t=1 t=1

GVl $ Ve
Noting that the final column of G is nonzero for only w entries, we use Cauchy-Schwarz to conclude
that

Thus

GV 5w
Bounding ||V ®)|| is trivial, since ||V ®|| = [|JTV®)|| < D||Jri2.]| < D, where we have used
the fact that the final, T+ 2*" column of .J is egﬂ, which has norm 1. Thus ||[V®)|| < D < /w.

Note that the matrix U has a similar overall structure as both Y and H above, except that due to the
lack of residual connection after the first attention layer, B does not contain any positional encodings.
Following the similar arguments with this assumption, we can bound

1Bl2.00 = [1Ul|2.00 £ [1U]]2,00 = 1

IBll1,00 = [IUJ[l1,00 £ NU]]1,00 = 1.

Similarly, JLL says that ||G(W®)7||, . approximates ||H (W )|y ., arbitrarily well. Since
the first 7' columns and final column of (W )7 are (s, the same is true of H(W )T In the
penultimate column of this matrix, we have the vector (log(c1T?), ..., log(c,T?),0,...,0). Each
row therefore has a 2-norm that is bounded by log(T?) = 2log(T). Thus

GW T ||y S 2l0g(T)

Following similar arguments, it follows from JLL that |[((W®)Tgr, || approximates

[|(WEN)Thy || arbitrarily well. Recall that the matrix (W )7 is only nonzero in the penul-
timate column, which has log(c;T?) in its first w entries. hpq is only nonzero in its po-

sitional encoding bit, which is the penultimate bit, and therefore the vector (W(Z))TgTH =
(log(c1T?), ... ,log(c,T?),0,...,0). It follows that ||[(W®) T gr || < /> i, log(c;T%)? <
VDo Alog(T)? < 2y/wlog(T)

WPy = ||JTW ) J||5, the operator norm of W(?) approximates ||TW(?)|,. Recall that TV (%)
is nonzero only in its penultimate row, which has log(c;T?) in the first w columns. Let [ :=
(log(c1T?), ..., log(c,T?),0,...,0) be the vector representing this nonzero row. it is easy to show
that (W®)TW ) = I There is one nonzero eigenvalue of this rank-1 outer product, which is
||]]?. Thus the maximum singular value is ||I||. We can easily bound this using Cauchy-Schwarz to
conclude that ||V ?)|| < 2\/wlog(T). O
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H.6 Details of PAC-Bayes Bound derivation

Recall that L(X, O) is the loss for our transformer learning the function f on input X. Define
L(fe) to be the global loss, while L( fe) is the empirical loss on our training set of size m.
The original bound of Macallester (1998) claimed that starting with any data-independent prior

distribution P over hypotheses, and a data-dependent (specifically, the outcome of training a neural
network) posterior distribution @, for any § > 0, the following holds with probability at least 1 — § :

KL(QI|P) + In(F)
2(m—1)

Eo~q[L(fo)] < Eo~glL(fo)] + \/

In Neybashur et. al. (2017), they consider the bound for a distribution of perturbations around a
specific set of weights, and in so doing, derive a bound with a term representing the sharpness of
the loss in parameter space, as well a term that depends on the norm of the parameters. If © is our
learned weights, and fy our learned min imum, then we write fo. for our posterior distribution of
predictors, where € is some small Gaussian perturbation of the parameters. We start with the classical
bound of McAllester, plugging in the above assumptions about our Gaussian prior and posterior
distributions ©, e.

KL(© +¢€||0) +in(%)

EGNN(O,U2)” [L(f@-‘re)] < ]EGNN(O,0'2)" [f’(fQ)] + \/

2(m—1)
. . . 1 /1|©]2 2m
Een 0,02y [L(fo+e)] < L(fo) + Eeun(0,02)n [L(fo+e)] — L(fo) + o ( % HHT)
~——

sharpness norm

where 0 < ¢ < 1 is our probability of the bound being violated, m is the number of training points,
and o is the standard deviation of our parameter perturbation (assumed to be equal for all parameters
in this version of the bound). Note that the prior distribution P is assumed to be a centered Gaussian
with the same noise variance as the posterior distribution ) around its mean, ©.

Our case is slightly different from this, as we are not using a binary loss bounded within [0, 1].Rather,
we consider functions f on a boolean domain, but with a real-valued range, and a natural choice of
our loss is the quadratic loss, i.e. L(X,0) = (T(0, X) — f(X))?. Several variants of the original
PAC-Bayes bounds by McAllester have been derived that allow us to adapt Neyshabur’s perturbation
bound to our present situation.

[4] provide a bound intended for losses that are possibly unbounded, but have a tail distribution that
is sub-gaussian. Mathematically, we assume that for some positive constant X, our loss function
satisfies: bs

t

E[etl(©:2:.)—EU©2.N)])] < %5

Then with probability at least 1 — 4, the following bound holds:

; 2 KL(Q||P) + Int
IE@~Q[L(f@)]SEGNQ[L(f@)}+%+ (QH)\)Jr 1

In order to estimate the the sub-gaussian constant for a trained model, we calculate the MGF of our
validation loss distribution, and find the lowest X such that the gaussian MGF still dominates the
true loss MGF. In our case, we found that for models trained to a loss of .01 on functions of various
degrees and sparsities, & generally falls in the range [0.01,0.1]. While in the

\pz ley?

. . . - +int
Eeon0.00)[E(fore)] < E(fo) + Ecuno.om Blfore)] - Efo) + 5 + 22101

We combine this with[T2} which tells us that

Ecnr(0,02)n [L(f®+e)} = U;T?“ (V2 [L(fe+<)])
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Under the assumption that the training loss is zero, i.e. ﬁ( fo) = 0, this gives us the generalization
bound:
<) 2
R L

0.2
EGNN(O,GQ)[L(fGJrE)] < ?TT<V2 [L(f@+<)]> + % + 5

We now use[T3]and [T4ghowing the existence of a low-sharpness solution and and low-norm solution
for any boolean function of Fourier sparsity w < T', degree D, and context length 7', combined with
our abstract regularized learning model, to replace the trace and norm terms with upper bounds on
them.

Tr(V2[L(fo+c)]) < 26w, Dy) + P(0) A||®If} < Liw, Dy, T)
? <o’ = AZT L T TS
EeNN(O,o— )[L(fe+e)} SO (Gu(w,Df) + 2P(0)> + 5 + -

minimizing the RHS with respect to A, we obtain

2 HePrD 4 ing \/m Df,T)Hn})

2m A2 32 )
AR L(“’QDJ \/2 L(w,D;,T) 1
D - =2 1) 4 1ab)

— 2m + m 202 + "5

Hence our bound becomes:

2 /L(w,Dys, T 1
( (w, Dy, T) +ln—),
202 0
The natural next step in simplifying our bound is to optimize over o. If we were to momentarily

ignore the perturbation term P(o) and the ln% term, we would end up with the following formula for
the optimal ¢*

— Eenioon Lford)] < 02 (Gulw, Dy) + %P(U)) + 2\/2m

) (EZL(w,Df,T))é
g = _—
4mG, (w, Dy)?

Unfortunately, if we use the full bound including the perturbation term, the larger constants and
stronger dependency on D¢, w mean that we are unable to leverage the optimal o* ends up being
much smaller in reality. We return to the analysis of the optimization of ¢ and tightness of the
full bound after a brief digression that continues with the analysis of this truncated bound in order
to contextualize our overall approach against the behavior of previous bounds for transformers on
boolean domains.

H.7 Comparison with Norm-Based Bound of Edelman et. al. (2022)

If we were to plug the optimal o into our bound (still excluding the perturbation term), it would
yield an optimized bound that grows like O(m’%). If we compare this to a purely norm-based
capacity bound such as in [[12]] for sparse boolean functions, our norm term alone shares the O(m ™~ %)

dependency. However, the sharpness term makes our bound O(m’%) overall, and it is therefore
asymptotically dominated by the norm bound. As with many PAC-Bayes style bounds, the hope is
that the flatness of the loss landscape around a learned minimum (low G,,) can be exploited in order
to obtain relatively small sharpness constants even for large o, keeping both the sharpness and norm
terms numerically small for small m. While offering a strong baseline, norm-based bounds depend
exclusively on global complexity parameters such as parameter norms, and are independent of the
curvature of the loss landscape.

We now instantiate our generalization bound and compare it directly with the Edelman-style covering-
number bound under identical architectural assumptions. We consider a target function on 7 bits that
is a linear combination of a tiling of 2-parities. In this case
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This function is not Boolean-valued, but both our PAC-Bayes analysis and the norm-based analysis
of [[12] apply unchanged. Throughout this subsection we fix

T = 20, ¥ =0.01, m = 105, § = 0.05,

and we use the same architectural budgets for both bounds: a 1-head, 2-layer transformer without
layer normalization and hidden dimension d =T + 2 = 22.

H.8 Our Truncated PAC-Bayes Bound (Without Perturbation Remainder)

Ignoring the perturbation term P (o), our oracle PAC-Bayes bound specializes to

2 (L(w,D;, T2 1
8aP s (0, M) = 0% Gy (w, Dy) +2\/ <M +1n > . (10)
————— )

2m 202
Sharpness term

PAC-Bayes term
The sharpness coefficient is
Gu(w, Dy) = 4+ 4w(2+ Dy + 32D} + 32D}).
For Dy =2 and w = T'/2 = 10,
Gu=4+4-10(2+ 2+ 128 4+ 256) = 15524.

The norm proxy appearing in (10) is

L(w, Dy, T)* =21+ 16(Dy + 1)D7 + 8(Dy + 1) + 4In*(T) (Djw + T+ 1 — w),
and for (D, w,T) = (2,10, 20) this evaluates to

L* = 1349.827, L ~ 36.74.

Substituting these values into (10) yields the explicit one-dimensional objective

10~ /1349.827
( +

8aDours (0, 10%) = 15524 0% + 2\/ 51"zt 20).

Optimizing over ¢ > 0 numerically gives
o* ~ 251 x 1072,
Evaluating each term at o*:
Sharpness = 15524(c*)? ~ 0.09795, PAC-Bayes ~ 0.14626.
Thus our bound yields
gap, s (M = 10°) ~ 0.244. (an

H.9 Edelman et. al. for our Construction

In Theorem [[4] we obtained explicit Frobenius norm bounds for each parameter matrix in our
construction. To compare with the norm-based covering-number analysis of [12], we convert each
Frobenius bound to a (2, 1) bound using

Wlaa =D IIWylls < VelWle, W R
j=1

From Theorem [T4]and the structure of the construction, we obtain:

[Fll2,0 =4Dyg+/ Dy + 1,
[Tll21 <2¢/ Dy +1,

[Ml2,1 = 4(Dy + 1),
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VO laq =1,

WOy < VT2 2log(T)y/Dyw + (T +1 - w),
[W®|ay < VT + 2/ 2wlog(T),

V@l < V.

For (Df,w, T, d) = (2,10, 20, 22), these yield

C21(20,22) = || F 21+ T 2,0+ M2,V 21 +HW D [0+ WP |21+ VP |21 ~ 226.26.

H.10 Edelman-Style Covering-Number Bound

The generalization bound of [[12], when instantiated with our architectural hyperparameters and
(2, 1)-norm bounds, takes the form

In(dmT
£ pgeman(m) < Cor(T,d) ) 2™ T) (12)

m
For T = 20, d = 22, m = 106,

8
\/m(me) _ \/ln(4.4 X10%) 16 103,
m 106

and therefore
€D Edelman (M = 106) ~ 226.26 x 4.46 x 1072 ~ 1.01. (13)

H.11 Summary of the Comparison

For the T' = 20 tiling of 2-parities described above, and using identical architectural and norm
budgets, we obtain:

2aPours (m = 106) ~ 02443 gapEdchnan(m = 100) ~ 1.01.

Thus, in this concrete low-degree, width-w = T'/2 example, our PAC-Bayes flatness-based bound is
numerically tighter than the Edelman-style covering-number bound, despite the latter using the same
model class and norm budgets. Note that this choice of target function intentionally leverages another
advantage of our bound: that it naturally applies for functions with low-degree but non-sparse Fourier
spectra, a situation in which the

As mentioned above, including the perturbation term introduces a significant numerical penalty in our
bound, driving the optimal o lower, making our bound much less competitive. For target functions of
high sharpness, the constants may be so large that there may not be any m below which our bound
has an advantage. If our perturbation analysis were tightened — for example by using perturbations
with variances that are parameter-specific — we might be able to overcome this issue.

H.12 The Outsized Role of P(o;)

Aside from this impact on the tightness of the bound, P(c;) also complicates the algebra, precluding
an analytic expression for the optimal o. Furthermore, in contrast to the unique optimal o* mono-
tonically decreasing in D¢, w, T, as shown in the formula above, the argument of the minimum may
exhibit non-monotonic behavior. See 5] for a surface plot showing the optimal sigma over the choices
of Dy, w that we used in our experiments. As you can see, it exhibits non-monotonic behavior in
the partial order of (w, Dy). For this reason, we opt to show our generalization bound not using
the optimal sigma for each unique (w, D), but rather using a single common ¢ that we deem to
be sensible. In general, we found that using the smallest optimal cover all (w, D) in our set of
complexity classes used in our experiments works well, most likely because the sharpness bound
increases much faster as a function of the complexity than does the norm. Whereas the largest optimal
o — generally corresponding to the simplest complexity class — tend to not work very well for the
more complex functions, since the sharpness term will blow up for them, yielding a vacuous bound. In
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the case of [T} we did not use the actual smallest value of o, since our optimizer sometimes converged
on our lower bound on & of 1072°, which we consider to be an artifact of the optimization process.
Since these solutions also required an extremely large m, we instead opted to use a o = 10~ which
was at the low end of the bulk of the distribution of optimal &, which was in the range [10~?,10~°].
We then used the minimum m corresponding to that “reasonably small ¢” to achieve a bound < 1 as
the sample complexity used on all of the bounds shown in [T}

Optimal o over Dfand w (T = 20)

[ 5.0
[ —5.5
- —6.0
T -6.5
I -7.0
- —7.5
I —8.0

0
5\/
4 10

3 15
Dy 2 1 20 w

logl(o)

Figure 5: A surface plot showing the landscape of optimal o over D, w , with the perturbnation term.
We note that the landscape is non-monotonic in the partial ordering of D¢, w. This non-monotonicity
ultimately can lead to non-monotonicity in the resulting theoretical generalization bound over the
same partial order.

To analyze the impacts of the perturbation term, and to get a sense of how much room for improvement
there is in our bound, [6]in the appendix shows our bound with the perturbation term truncated, and
calculates the sample complexity that would be required to make the expression non-vacuous if it
were actually our formal bound. In that scenario, the optimal o would become larger, and we can get
a non-vacuous bound with a sample complexity of only m ~ 20, 000. While this analysis is informal,
it highlights the fact that the interaction between the unperturbed hessian G, and the norm L already
captures a fundamental aspect of our complexity class, and requires a (pseudo-)sample complexity
that is of the correct order of magnitude (our experiments used m ~ 8, 000).

We note that the sample complexity that would result from this pseudo-bound to achieve non-
vacuousness is ten orders of magnitude smaller than our actual bound, and in the range of training set
sizes actually used for training this task in our experiments. This indicates that our overall approach
could lead to much tighter bounds with far smaller sample complexity, if the analysis of perturbations
were tightened.

Finally, we present the same bound as in [I]but with different values of o, all of which are still in the
range of the optimal os we found over the full set of complexity classes used in our experiments.
This shows the impacts of varying o on the shape of the bound, and its vacuousness.

Theorem 11. Let f be a target boolean function of sparsity w < T' and maximum degree D, and let
T (X, ©) be a transformer of context length T implementing it exactly according to our construction.
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Comparison of Empirical and P-Ablated Theoretical Generalization Gap by Degree, width (m=21544.0)

Theoretical Empirical
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Figure 6: (left) A plot showing our psuedo-generalization bound for a fixed o = 8.8 x 1074, m =
21544. (right) A plot showing the average empirical generalization gap over a sample of 5 functions
from each Degree, Sparsity class. We note that even without the perturbation term, our bound captures
the overall shape of the generalization error found empirically. In addition, we note that the smallest
reasonable ¢ in this scenario is four orders of magnitude larger than that of our actual bound over the
same complexity classes.

Let L§(X,0) = (T(0,X) — f(X))? be the unbounded, quadratic loss for our transformer learning
the function f. Then under the quadratic loss, the trace of the loss Hessian is given by:

Tr(V2L(T(X,))) = 2[VT(X.0)|* € OwDj)

Proof. For a quadratic loss, the gradient of the loss is given by:
VL{(X,0+¢) =2(f(X)-T(X,0))VT(X,0)
The Hessian is then given by:
V2Li(X,0) = -2VT(X,0)VT(X,0)T +2(f(X) - T(X,0))V*T(X,0)
The second term on the RHS vanishes when the test loss is 0, i.e. f(X) = T (X, ©). Therefore

TT(Vsz(X, @)) — 2T (VT(X, O)VT(X, @)T) - 2HV7’(X,@)H2

The second inequality on the right follows from the fact that the argument to the trace function is a
rank-1 outer product, and thus has only a single nonzero eigenvalue making the operator norm and

2
the trace both equal to HVT(X ,0) H . In|15] we establish the following bounds on the norms of the
gradients for the exact construction.

3
IVT(X,0)[|* < Gu(w, Df) := 2w + 8D} + 288wD7 + 120D} € O(wD})

It follows that
Tr(V2L(T(X,0))) = 2/[VT (X, 0)]* < 2Gu(w, Dy, T)

€ O(wD?)
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Comparison of Empirical and Theoretical Generalization Gap by Degree, width (m=1.0e+15)
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Figure 7: A plot showing the theoretical generalization gap for different values of o that were still in
the normal range of optimal sigmas for our set of function classes. Note that values of o even slightly
above the smallest of the optimal os lead to vacuous generalization bounds, due to the stronger
dependence of the sharpness term on D, w than the KL term. We also include error bars in this plot,
indicating one standard deviation from the mean in either direction.

Theorem 12. Suppose our transformer T (X, © + €) approximately represents f using a parameter
set © + ¢, where epsilon a normal perturbation ¢ € N(0,0%)!®l, where |O| is the parameter
count. Define L(fe) to be the global average (quadratic) loss of the transformer with parameters
O evaluated against the target function f. The following equation bounds the expected global loss
under e with the trace of the perturbed hessian of the loss:

Ecnr(0,02)n [L(f®+e)] = G;TT(VQ [L(f®+<)])

where ( € R™ are the “remainder perturbations”, i.e. ¢; € [0, ¢;] is some small perturbation of the
parameters around the true minimum that makes the Taylor expansion exact (using the Lagrange
form of the remainder), conditional on each Gaussian perturbation ¢;.

Proof. We start off by taking a second-order Taylor expansion of L( fg4.) with the Lagrange form
of the remainder:

L oo
L(fote) — L(fo) = VL(fe)e + 7€ V?[L(fo+c)]e
where ¢ € R™ are the "remainder perturbations”, i.e. {; € [0, ¢;] is some small perturbation of the
parameters around the true minimum that makes the Taylor expansion exact, conditional on each
Gaussian perturbation ¢;. Since the unperturbed transformer exactly represents the target function,

we have L(fg) = 0 Assuming our function has attained a local minimum, we can set the first term
on the RHS above to 0. Therefore, we can simplify the equation to:

Lifore) = 5"V [L(Joro)]e

Taking the expectation of both sides with respect to €, we get

1
EENN’(O,JQ)IG\ {L(feﬂ)} = §E€NN(O’02)\®| [€TV2 [L(f@_,_C)]e}
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Following the proof of correctness of Hutchinson’s Trace Estimator, the second term on the right is
equal to "72Tr (V2 [L( f®+<)] ) This leads to the following equation for the global test loss in terms
of the trace of the Hessian of the loss of the transformer evaluated at the "remainder perturbations':

Econ0,02)01 [L(f@ﬂ)} = U;T?” (V2 [L(f@+<)])
]

Theorem 13. Given our perturbed transformer T (X, 0 + (), we can upper bound the trace of the
hessian as follows:

Tr (V2L (T(X,0 + Q))]) < 2Gu(w, Dy) + Plo,w, Dy, T, d),

where
P(o,w,Dy,T,d) ==

+2G,(0,w, Dy, T, d) (2. /Gu(w,Dy) + Gylo,w, Dy, T, d))

+Tp(07w7 DfaTa d) (Hu(wv DfaTa d, 0) + Hp(avwa vaTa d)) ‘@|

€ o(ancwz (log% (T) + Dflogg (T)))

Proof. We need to upper bound the trace of the perturbed loss hessian, T'r (V2 [Li(T(X,04())] ) )

Unfortunately, we cannot reuse the simple bound on the trace for the exact construction from [5}
since the loss of our perturbed transformer is no longer 0, and thus the term (f(z) — 7(X,© +
¢))V2T (X, ©+¢) can not be ignored. In general, the gradient of the loss of the perturbed transformer
is given by:

Hessian of the loss of the perturbed transformer is given by:
V2L (T(X,0+Q))] = —2VT(X,0+()VT(X,0+0)" +2(f(2)~T(X,0+())V>T (X, 0+()

Therefore
Tr (VQ[L HT(X,0+ C))]) = —2Tr (VT(X, O+ (VT(X,0+ c)T)
+2(f(x) = T(X,0 +O)Tr(V*T(X,0 +))
< QHVT(X, o+ <)H2 4 2(f(z) - T(X,0 + C))HWT(X, o+ C))H|@\

For analytical tractability, we have opted to upper bound the trace of the Hessian using the maximum
eigenvalue, incurring a factor of |©|. This need not be too costly if we are using random projections,
using an inner dimension of d € O(log(T")). Since the number of parameters in our transformer is in
O(d? + dDy), this translates to a total parameter count in O(log*(T') + Dlog(T)). Inwe show
that ||[VeT (X, 0)||% < Gu(w, Df) where Gy, (w, D) € O(wD?). Inﬁwe demonstrate that

IVT(X,0 4 () = VT (X, 0)|| § Gp(o,w, Dy, T)
where .

Gp(w,Dy,T) € O(UD?OJ%ZOQZ(T))

By the triangle inequality,

IVT(X,© + Ol § Gulw, Dy) + Gp(o,w, Dy, T)
In it is shown that |f(z) — 7(X,0 + ()| < T,(o,w, Dy, T), where T),(co,w, Dy, T) €
O(Jchwlog(T))

it is shown in[T7] that
IV&T(X,0)|| < Hy(w, Dy, T)
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where .
Hu(w, Dy, T,d) € O(D; wlog(T))

Finally, in[29] it is shown that

IVET(X,0 +¢) = VET(X,0)|| £ Hy(o,w, Dy, T)
€ O(O'D%LU%ZOQ(T)%)
Thus, by the triangle inequality, the norm of the perturbed hessian is upper bounded as
IVET(X,0 + Ol < IVET(X,0)|| + IVET (X, © +¢) = VET(X, 0)]]
S Hu(w, Dy, T) + Hy(o,w, D¢, T).

Similarly, we write the square of the perturbed gradient norm in terms of the unperturbed gradient
norm (keeping in mind that G,, is defined as its square) and the perturbation to the gradient norm:

[vrxe+o| < (Ivrx.o) + IvT(x 0+ ¢ - vT(x.0))’
< (\/u(w.Dy) + Gyplow, D 1))

= Gyu(w, Dy) +24/Gy(w,Df)Gp(o,w, Dy, T) + Gplo,w, Dy, T)?

With these ingredients in mind, we can rewrite our bound for the trace of the perturbed loss hessian as

Tr(v2[Lf(T(X, o+ C))]) < 2Gy(w, Dy))

+2G,(0,w, Dy, T, d) (2, /Gu(w,Dy) + Gylo,w, Dy, T, d))
+Ty(0,w, Dy, T, d) (Hulw, Dy, T, d,) + Hy(o,w, Dy, T, d) )]
Note that all additive terms in the above expression depend on ¢ (and also 7" except for the unperturbed
gradients term, which also represents the hessian of the loss for the exact transformer). Thus, we
prefer to write this succinctly as

Tr(V2Ls(T(X,0 + ))]) < 2Gu(w, Dy) + P(o,, Dy, T),

where
P(o,w,Dy,T) =

+2Gp(o,w, Dy, T) (21 /Gy(w,Dy) + Gp(o,w, Dy, T))
+T,(0,w, Dy, T, d) (Hu(w, Dy, T,d,o) + Hy(o,w, Dy, T, d)) &)
€ o(JD?wQIogz(T)+02D;w3log(T)4+(UDf%w%log% (T)JrU?D?w%log(T)%) (logQ(T)Jerlog(T)))
Keeping only terms that are first-order in o, we have
P(o,w,D¢,T) € O(UD?WQ (log% (T)+ Dflog% (T)))
O

Theorem 14. Norms of the weight matrix. Using the above construction, we have the following
bound on the (vector) 2-norm of our weight matrix:

1813 < L(w, Dy, T) :=1+16(Dy + 1)D7 + 8(Dy + 1) + 1 + 4log*(T)(Dyw + (T + 1 — w))

e O(Dj‘z +log(T)*(wDy + T — w))
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Proof. First, we consider the MLP matrix F. F consists of 1 column with maximum absolute value
of 4Dy . In fact, every 4-tuple of parameters corresponding to a unique function value in the domain
has total squared sum of 16ch. There are (D + 1) such quadruplets, and therefore the total squared

2-norm of this matrix is exactly 16(Ds + 1)DJ2¢.

Next, consider the bias vector I'. This vector has 4(D F+ 1) entries, each of which is upper bounded
by 1. Therefore ||I'||% < 4(Dy +1).

The matrix M consists of 1 row, which is all 1s. Therefore, ||M||% = 4(Ds + 1)

For the matrix V(D all entries except the bottom right are zero. For the dimension-reduced version
V) = JTV () J the same is true, and that the matrix is now (d + 1) x (d + 1) with a 1 in the
bottom right. Thus ||V V|| = 1.

The matrix W) € RIF2x(T+2) hag in each of its first w columns, D;—many elements
with value 2log(T) representing the positional encodings of each Fourier component. In the
next T + 1 — w columns, there is a single nonzero entry of 2log(T) in the (T + 1) row.
Thus we have Djw + (T + 1 — w) entries with value 2log(T), yielding a Frobenius norm of
[WO||p = 2log(T)\/Dsw + (T + 1 — w). The dimension-reduced matrix W = JTw® j
will have a Frobenius norm whose expectations is ||[IW (|| p + o(% ). To see this, we start with the
definition of the Frobenius norm:

d d
WO = S (WL = 5 S (W)

r,s=1 r,s=1

where J is the un-scaled projection matrix, i.e. J = V/dJ. To evaluate this, we consider the diagonal
and off-diagonal terms separately. When r = s, the Isserlis/Wick theorem tells us that the fourth
moment of the quadratic guassian form is given by

E[(JLWW.J,)Y] = 2 WO|2 + Tr(M)2.
For r # s, we have
E[(JLWW10)7] = WO

Since there are d(d — 1) terms where r # s and k terms where r = s, we put these together to obtain

A= o 1 - —
TTWDIE = = (a@IW I+ Tr()?) +dd = 1)([WO]}) )

_ 1/, _ _
= WO+ 5 (W1 + T D)2).
Thus, for d large, we can approximate

W[5 = [[JTWOI|E ~ WD = 4log*(T)(Dgw + (T + 1~ w))

We can take a similar approach to bounding ||W(?)||2.. By the same arguments, this is well approx-
imated by ||TW(?)||2.. The matrix W(2) has all 0s except for w entries of log(c;T?) in the T + 1"
(out of T' 4 2) column. Thus the squared Frobenius norm of this matrix is bounded as

W3 £ D log(e,T?) < 2wlog(T)

t=1

Finally, we bound ||V (?)]|2.. Note that, like V(?), V(2) is zero in all but the final dimension, on which
JT acts as an identity map. Since the only nonzero entry of V(?) has value D < w, we have

VPR <w
Adding these together, we have that
2
e[ <
16(Dy +1)D} +4(Dy + 1) +4(Dy + 1)+ 1 +4log*(T)(Dw + (T 4+ 1 — w)) + 2wlog(T) + _w
N————— N—— M 5 v 5
IFI13 [ Mg+ IVlE Iw | weg IVElE

33



~ 16D} + 4log*(T)(Dyw + (T + 1 — w))

€ O(Dj‘z +log(T)*(wDy + T — w))

We note that the poly(7T') dependency in the parameter norm ultimately can be traced back to the fact
that we have chosen to make the “inactive positions” in transformer (i.e. with ¢ > w) attend to the
CLS token so that they will have 0 in their final dimension (rather than the result of having all Os in
the columns of W corresponding to those inactive positions, resulting in a uniform attention pattern
for those positions, which in turn would have caused a final dimension value which is nonzero).
While leaving those columns of the attention projection matrix blank would have gotten rid of the
T dependency in the norm, we will show in [28]that this would have caused the perturbations in the
gradients and hessian to carry a poly(T) dependency. Since we deem this to be worse than having a
T dependency in the norm, we opt for this construction which “zeros out” those inactive positions, at
the cost of a slightly 7' dependency in the parameter norms. O

Theorem 15. Suppose our transformer construction with context length T' is exactly representing
some function f with maximum degree Dy and sparsity w. Then the following bounds on the gradient
norms hold uniformly for all X :
IVeT(X,0)||% £ Gulw, Dy) := 2+ 8D + 64wD?} + 4Djw + 64w D} + 2 + 128w D7
=2+ 4w(2+ Dy + 32D7})
€ O(wD?)

Proof. Recall that our complete transformer function is given by

TX, WD vO M ED W VE) = (VOYGT((GW D) gr11))

where
g1
o= FT(MTh+T) (Go= | .. | eRO+Dx@
+ g%ﬂ
bf
by = (VO XTo(X(WI)Tay), B:= | ... | e RIFDxIEHD
brys

Before we calculate all of the gradients, we first calculate an intermediate derivative that will be
useful throughout the following sections, and will demonstrate some of the common techniques
used in this paper. We first take the gradient of the transformer with respect to G. Note that we can
write gr11 = (ef.,1G)" = GTery1. G still contains the one-hot positional encodings in the first d
dimensions from the residual stream, but these are not dependent on any of the parameter matrices,
and thus could not contribute to the gradient of the output with respect to of any of the parameter
matrices. Rather, it is only the gradients with respect to G 441 that will play a role when calculating
the derivatives using the chain rule. The same is true of the final dimension of the first attention
sub-layer’s outputs By 441 : we can think of these as bottlenecks in the dependency graph for the
overall transformer construction.

To give an example of how we can use these bottlenecks to create useful abstraction in the calculation
of gradients, consider the gradient with respect to W),

T+1

0T (X, 0)
=2

\Y%
w7 G111

le Gt dv1

Computing this derivative involves two tasks: first, calculating the derivative of the overall transformer
output with respect to G g41 or By g4+1 downstream of the layer (inter-layer derivatives), and then
the gradients of those key bottlenecks (scalars) with respect to the weight matrices in each layer
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Figure 8: A diagram showing the high-level dependency graph of our 1.5-layer transformer construc-
tion.

(intra-layer gradients). To calculate the %"Z’g), we take the gradient with respect to the entire

G € RT+Dx(@+1) matrix, and then only look at a specific row at a time, and only at the final column.
This more general approach will allow us to analyze a perturbed version of our transformer, which
might have have contributions from all dimensions. In these cases, we would have to consider the
full Jacobian of g; with respect to W), 7, (WD),

T+1
Vo T(X,0) Zv T(X,0)T,, (W)
We begin with the following finite difference equation:
(VTG + AT (6((G+ D)W (G + A)Tersa)
= (VETATHGW D) gri) + (V)T GT($((G + D) WD) (G + AT)erya)
First, we handle the term
((G+AYWO)T(GT+AT)eri1) = 6(GWE)T(GT+AT)era+AW D) (GT+ATer1)
= p(GWON TG er 1 + GWIN T A er iy + AWD)TGTer iy + AWP) AT er )
We can use a first-order Taylor approximation of ¢ to obtain:

¢5<(G LA (WO (GT + AT)eTH)

= d(GW N gr11) + ¢ (GW ) gr ) (GW T AT ey + AWP)TGTer 1) + O(A?)
Thus,

(VTG + A)qu((G +A) (WG + AT)eTH) — (VTG o(GW ) G er 1)
= (V)T ATo(GWE) G er )
+(VENIGT S (GW NG er 1) (GWENT AT eq iy + AW D) G er 1) + O(A?)

We want to factor out the common factor of AT (for reasons to be explained in the next paragraph),
but note that there is an additive term of (V)TGT ¢ (G(WNTGTer ) AW TG er .
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To bring out the AT, we transpose this term (which is just a scalar), to get
el L GWAAT(GW )T GTery1)GV (). Here we have used the well-known Jacobian of the
softmax function, ¢'(x) = diag(p(z)) — ¢(x)d(x)T, to deduce that ¢ (G(W2)TGTer ) is sym-
metric.) We can now rearrange some terms so that all of the A” are on the right, and express them in
terms of the trace operator:

=T <(¢<G<W<2>>TGTeT+1><v<2>>T +er 1 (VO GG GOV G ery )GV )T

+¢/(G(W(2))TGTeTH)GV(Q)e%HGW(Z)) AT>

Now we can use the Taylor series for matrix derivatives, which says that
FIA+A) = f(A) +df(A) + O(IAP) = f(A) + Tr((Vaf)AT) + O(|A]%).
We can extract the gradient from the above difference equation to conclude that

VT (X,0) = 62, (VT 4 ep (VO)TGTEE GWENT 4+ ¢/ qv el GW

Where for brevity we have written d)T 1= oG (WEHTGTer ) for the post-softmax attention
weights for the final position in the second attention layer. To take only the last column of the matrlx
VT (X,0), we right-multiply it by eqy1. To get only the ¢** row, we left-multiply by e/ . The
first term in this expression represents the change in the second attention layer’s output under an
infinitesimal change in the MLP output: if any of the MLP outputs change, we get a linear change
in the final activation, with slope equal to the Fourier weight at that position, which are stored in
the softmax scores, qST 1- The second and third terms represent changes in the final activation for
the C'LS token due to the shifting of attention scores. However, these terms can easily be see to be
zero in the d + 1*" dimension: note that both the final column and final row of W () are both 0,
and therefore W (2 )edﬂ (W(Q)) eq+1 = 0. Intuitively, this comes from the fact that the attention
matrix in the second layer is purely position-aware. Thus, we have simply:

el 1 VeT(X,0)eqs1 = ct

For the gradient of the MLP output G 441 with respect to W, we break the derivative down further,
again using the chain rule:

w
0Gt 4+1

2 Vw, Bs a1
—1 aBs,clJrl !

VVVl Gt,d-‘rl -
However, since the MLP is applied element-wise, the partial derivative is O unless ¢ = s, in which

case the derivative is simply the slope of the MLP as a function of B; 41. In our construction, this is
always in the range [—4D, 4Dy]. More simply, we have

!
Vw,Grar1 = 9:Vw, Biat1,

Where we have used the shorthand g} := gg’ ““’i Note that since our MLP matrices M and F' are

only nonzero in their last row and column (respectlvely) only the final dimension of B, . plays a role.
When we consider perturbed versions of our construction, we will have to consider the full Jacobian
of g, with respect to b;. Our total derivative would then be

T+1d+1

Vo T(X,0) =3 S VI T(x,0) [jg,(bt)] Vb

t=1 i=1

For now, since we don’t consider perturbations to our construction, we can write the final gradient in
terms of these three basic constituents:

Vo, T

o7 (X, 0)
Z 9:Vw, Biat1

0Gt 441
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As a sanity check, suppose our transformer implemented the final linear combination of Fourier
components using a simple linear head, C' € R(T*+1)*(d+1) instead. Mathematically, suppose that
our transformer function were defined simply as

T(X,W,V,M,F,T,C) = <(MTbt + r) ,c>
+

where C' € RTX(dH), with the Fourier coefficients ¢; in the last column, and Os elsewhere. In this
case, we would haveV 7 (X, ©) = C, and therefore

T (X,0)

0G¢ a41
This is the same as the gradient of our actual construction determined above, corroborating the fact
that our additional attention layer is essentially performing the same task as a simple linear head

(though with notably better properties when perturbations to the parameters are considered, as we
demonstrate in @) To continue with our example, using our construction, we have

=el'Cegy1 = ¢4, Vt € [w].

[Vw(DT X @ } thct( va(l)Bt,d-l—lej)

2,3

We can already see that the different cross derivatives in the Hessian can be broken down into
gradients of these major components of the derivative. The first component g; only depends on the
MLP matrices; the second term c; is a function only of the second layer attention matrices; third term
erWm By q+1¢; is specific to the second derivative in questions (the intra-layer gradient).

I Gradients

101 Vy»T(X,0)
From basic rules of matrix calculus, we have
VV<2>T(X7 @) GT¢T+1

We can use the matrix inequality ||Av||s < to obtain

(2)

lG* <V2

Ll Ve T(X,0)

To find the gradient Vyy ) (V3 )TGTQST 1, we write the following difference equations for the
differential in the transformer function with respect to a small change in W (2.

(VOYTGTHGW P + A) g 41)
(vEHTGT <¢T+1 ¢¥110AT9T+1) +0(A%) =
(VEYTGT R, + Tr(gria (V)T GT 62, GAT) + 0(a%) =

Once again we use the Taylor series for matrix derivatives, from which we can recover the gradient
from the above difference equations:

Ve T(X,0) = 9T+1(V(2))TGT¢£31G7

1.2 VW(l)Bt,i :

Note that we have left the index ¢ free, despite the fact that in our exact construction, only the final
dimension plays a role. This will become useful when analyzing the perturbed gradients in [28] Back
to our present goal, we have already taken the gradient of our transformer function with respect
to G¢ q+1, and the partial derivative of the same with respect to By 441; what remains to calculate
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Vo T(X,0) is the gradient V) By ¢4+1. To find it, we apply the method of finite differences.
Using our definitions, we have

Bii=el (VONTXTH(X (WD + A) )z,
= el (VO)TXT (¢ + 4 X ATz,) + O(A?)

K2

Therefore,
ef VITXTHX WD + A )z, — e (VO)TXT (o(X (W) Tay)
= L (VO X T4 X ATy = Tr(wel (V) XT g XAT)
We can now extract the gradient to conclude that

Vi, Bri = ziel (V)T XT ! X

I3 Vyu)By:
The key gradient that remains to calculate V1) 7 (X, ©) is to calculate V', By 441. Note that
Brati = e (V)T XT¢,.
We now take finite differences:
el (VW + AY'XT gy = el ViIEXT gy + el AT X T 4,
=T (VONTXT g, + Tr (XT¢teZAT)
Therefore,
VywBri =V (ef VT XT¢,) = XT el (14)
L4 VG

We now look at the gradient of G; ; with respect to the first matrix of the MLP, M. Recall that for

each t,
Gii=el FT(MTh, + 1),

Using the rules of matrix differentiation, we have

VuGri = Vel Fimaz(MTb, +T,0) = be] FTdiag(I[M"b, +T > 0])

1.5 VFGt,i:

The unique part of the dependency graph we need for this gradient is the gradient of G ; with respect
to I'. Again, using basic matrix differentiation rules, we obtain

VrGii = Vre] FT(MTb, + 1)} = diag(I[M"b, +T > 0])Fe;

1.6 VFGt,i:

Finally, using the fact that the matrix derivative with respect to matrix M of x7 My for vectors z, y
is given by 237, we have

ViGri=Vre] FT(MTb +T)y = Ve(MT b + T){Fe,; = (MTb, +T) e

In summary, we have the following for the total gradient with respect to each of our parameter
matrices:

Vo T(X,0) = GT i),
Vire T(X,0) = gra (VE)TGTo G

VuT(X,0) =Y cbef, F diag(I[M"b, +T > 0])

t=1
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VrT(X,0) th MTbt +F ed+1
t=1
VrT(X,0)= thdiag(I[MTbt +T > O])Fed+1
t=1

Vv T(X,0) ZCtQtX Drehi

Vi T(X,0) = agizel VIF X ¢, X

t=1
Recall that in our construction, the slope of the MLP output with respect to small changes around
the points in our 1-D grid is 0, and thus we have g; = ‘ggii’jﬁ = 0. Thus we can make the

simplification that
Vi T(X,0) = 0@r1)x(d+1)

Vi T(X,0) = 0(a41)x(dt1)
‘We now state a useful lemma due to Deora et al. [[10]:

Lemma 16. Given an input matrix X € RT*? a post-softmax Jacobian matrix ¢, € RT*T  and any
vector uy € R?, the following bound holds:

prreirad |

uf X7 6| < 201Xl X 2,00

The proof of this lemma is due to [[10] and we defer the reader to the proof of Eq. 42 in that manuscript
for further details.

J Gradient Norms

J1 [[VyeT(X,0)|lr
We can use the matrix inequality ||Av||2 < ||A4]|1,2]|v|]1 to obtain
2
167111 < 116|200l 97112 = [1Clle.co
Applying our bound on ||G]|2, from[T0] we obtain:
Vv T(X,0)llr £ V2

J2 [V T(X,0)|r

We calculate the norm of V27 (X, ©) by noting that the entire gradient term is a rank-1 outer
product, and since the Frobenius norm of an outer product is the product of 2-norms, we have

2) 2)
llgr+1(VE)' G712, Gl e = llgral (V)T G673,
By[I6] we can bound the second multiplicative term as:

(VTG oGl < 2|(VP)T 6T

In[10} we show that [|GV®) || $ D, ||G|l2,00 S V2, and ||gr41]] S It follows that

~

IVwe T(X,0)llr £ 2v2D
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J3 |[VuT(X,0)|lr

We start with the triangle inequality:

IV T(XO)llp < [lecbee s FTdiag(r[MTb, +T > 0])|
t=1

- |ct|||bt|||Hdiag(I (M7 +T > 0])Fed+1H
t=1
In[10} we show that ||b;|| < 1. Additionally we have

|Hdiag([[MTbt 4T > 0])Fed+1H < ||Feqss|| = 4Dy /A(Ds + 1)

We can now apply Cauchy-Schwarz to conclude:

IVMT(X,0)llr <8DyyJw(Dy +1) = 8Ds\/wDj

We will find it useful for future reference to state the norm of the intra-layer gradient term by itself.
The intra-layer gradient is given by

VmGr = bie] FTdiag(I[Mb, +T > 0]).

Note that in the above calculation we restricted the sum to ¢ € [w] because we knew that ¢; = 0
for t > w. However, observe that the intra-layer gradient is also 0 when ¢ > w. Recall that in the
first attention layer, all positions ¢t > w attend to the C'LS token, which has a final bit value of 0.
Since the V() matrix only selects the final dimension, and there is no residual connection after the
attention layer, the b; in these inactive postions are all the O—vector. Thus for 7' > w, we actually
have |[by|| = 0, V¢ € [w + 1,7 + 1].[]

Thus, following the same arguments above yields

|VaG

S8DI[i=d+ 1At <]
F
J4 [[VFT(X,0)||r

IVET(X,0)|lr < e

t=1

IVET(X,0)llr < 2¢/(Ds + 1w ~ 2/ Dy

We once again provide the norm of just the intra-layer gradient for later use. This gradient is:

(M7 +T) e[| < el | (M7 + 1),
t=1

IVrGuall < Il(M 70 +T) Tl 5 2v/D;

Just as in the gradient with respect to M, when b, = 0,41, the above expression becomes 0. Thus we
make this explicit:

[IVrGeil|l S 2Dyt < Wl

*Indeed, the design decision to have non-active positions attend to the CLS token and avoid a residual
connection after the attention layer were made specifically to avoid a T dependency in the gradient bounds. We
could have chosen to leave the rows of W) in [w, T equal to 0, and the result would have been eliminating the
O(v/T) dependency in the parameter norms, but we would have gained a factor of 7 in the perturbed gradient.
We see the latter construction as preferable. Finally, we note that a the same goal could be accomplished with a
residual connection after the first attention layer, and then having the MLP “clean up” the MLP output, setting
G't,d+1 to 0. This concstruction is more involved, so we prefer to “clean up” these unused activations by suing
the CLS token and avoiding the first residual connection.
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J5 |[VeT(X,0)llF

IVeT(X,0)llr < el
t=1

diag(I[M"b, +T 2 0]) Fea |

HVFT(X,G))HF < Squ/oJ(Df + 1) ~ 8Df\/wa

Recall that VG ; = diag(l [MTbt +I > 0] )Fe;. Note that Fe; = O4(p,+1yifi #d+1. And
just as in the gradient with respect to M, when b; = 0441, the above expression becomes 0. Thus we
have

IVrGrill S 8D2I[i = d+ 1At < w]
16 |[Vyo T(X,0)r

9T (X,0)
OBy, d+1

We showed that the gradient with respect to V(1) was a 0-matrix due to the component

being 0, and therefore ||V 1) T (X, ©)||r = 0. Nonetheless, we will find it useful when calculating
gradients for a perturbed construction to bound the norm of the intra-layer gradient. Recall that

T T
VV(l)Bt,i =X ¢tei

The Frobenius norm of this rank-1 outer product is the product of the 2-norms:

HVW)BM <IXT 1 lléellr = 1| X 2,00 S V2

~ | x7s.
F

where we have applied our bound on || X||2 o in

J7 Vo T(X,0)||r

Similarly, it was already shown that the total gradient with respect to W) is the 0-matrix, and
therefore ||V 7T (X, ©)||r = 0, we still bound the norm of the intra-layer gradient for future
reference. Recall that

Vw, Bei = xiel (VYT XT gl X
This is once again a rank-1 outer product, and its frobenius norm is thus bounded by

F 2

Recall that the first d rows and columns of V(1) are all 0s, and therefore e} (V)T = 0if i # d+ 1.
Thus we have

|Vw. B

T, < 1], oo,

HeiT(V(l))TXT@XHQ —Ifi=d+ 1]He§+1(v<1))TXT¢;XH2

< 20fi = d + 11X ||2,00 [ XV 1] oo,
where the last inequality follows from[T6 Using[I0] we conclude that

|V wi B

S2V2Ii =d +1].
F
In summary, we have

IVoT(X,0)||F £ 2+ 8D? + 64wD} + 4Dsw + 64wD} + 2 + 128wD3
=4+ 4w(2+ Dy +32D% + 32D7})

€ O(wD})
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J8 [V T(X,0)|r
In summary, we have
IVeT(X,0)[|F £ 2+ 8D? + 64wD} + 4D jw + 64w D}
=2+ 4w(2+ Dy 4 32D3)
€ O(wD;)’c)
O

Theorem 17. Suppose our transformer construction with context length T is exactly representing
some function f with maximum degree D¢ and sparsity w. Then the following bound on the operator
norm of the hessian holds uniformly for all X.

IVET(X.0)|| § Hu(w, Dy, T,d)
where we have defined the function H,(w,D;,T,d) :=

8(Ds + 1) +6(Ds + 1)v +2,/3T(Dy +1) +/48T(Ds + 1)D;

+VT/12(Df +1)Dy + VT/12(Dys + 1)Dy + 2/T/12(Ds + 1) D;
+8V2VdT Dy + 2vdT Dy + 8V2dDy/w + 6v/2dVdDy
€ O(TD? +w? Dylog(T))

Proof. K Second Derivatives

It is worth noting in advance of our calculation of the Hessian that, while conceivably there could
be (;) + 7 = 28 terms or blocks in the Hessian, the above structure for the gradients implies that
many of the second derivative terms will be 0. To understand which cross derivatives will vanish,
we first recall that V) T (X, ©) and V) T (X, ©) are both 0 matrices. This removes 13 cross
derivatives.

Clearly, Vyy 2 T (X, ©) does not depend on W2, so Vi, T(X,©)is 0. But if we look closer at
this gradient, we can see that almost all of their other cross derivatives are also 0: recall that the first d
columns of G, the entire vector g7, 1, and the entire C'LS attention vector (15;“211 (and therefore also
¢’1E3_) L= diag(gb%)_l) — gbé?j_l (gb%)_l)T) depend only on positional information. Thus, the gradient
is 0 with respect to all other parameter matrices except for V(2). This eliminates 4 additional cross
derivatives.

Similarly, it is clear that V,2) 7 (X, ©) does not depend on V'(?) and therefore the second derivative
with respect to V(2) will be 0. The matrix GTqbg?J)rl does indeed depend on the MLP outputs, but this
eliminates one additional cross-derivative.

Regarding cross-derivatives among the MLP matrices, note that V7 (X, ©) does not depend on
F, and thus that second derivative is zero. Further, both V7 (X, ©) and V5,7 (X, ©) depend on
the M and I" only inside of an indicator function, which has a slope of 0 almost everywhere. Thus,
4 more (unique) cross derivatives vanish, which means that we will need to consider no more than
28 — 13 —4 — 1 — 4 = 6 nonzero terms in the Hessian.

1)
K1 V20 ,07(X,0):

The gradient with respect to V() is given by |V, T (X, @)} = (G;,i)Tcﬁg,?J)rl. Recall that the last

i

element of gi)%)_l representing the C'LS token is 0. Since the first d columns of G are independent of

the parameter matrices, and ¢§?3_1 depends only on positional information and the matrix W2 all
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cross derivatives with 1 (2) except this one will all be zero whenever ¢ # d + 1. In this case however,
the derivative is nonzero for 1 <7 < d + 1.

T+1

Ve ([VWJT(X 0) } ) > GriVwe (%) 1];

‘ t=1
Note that
[601]e = e S(GW D) gr41)
Taking finite differences, we have

ef JGWE + A gri1) = el §(GW) T gri1) + ef ¢ (G )T gr 1) GAT g1
=e¢ d)( ( ) gT+1) + Tr (gT+1€t (ﬁf](,i)lGAT)

From here we can conclude that Vy;(2) [¢§‘2-)|-1]t = gr+1 e?qﬁﬁ_)lG , and therefore

T+1
Ve ([sz)T(X 0) } ) Z GtV [¢T+1 ZGt 9T 4164 ¢/7(~i)1G

t=1

Following the exact same arguments, we can immediately write the following 5 additional cross-
derivatives involving V (?)| noting that the cross-derivatives are all 0 for i < d + 1.

2)
K2 V3,,7(X,0):

Recall that all cross derivatives with V(2) will be zero whenever i # d + 1. When i = d + 1, we have

el GTeR) | = Z Giasice = T(X,0)

0(d+1)x4(D;+1)s i<d
vM([vv<2>T(X, @>L) -

VuT(X,0)=3, ctbte§+lFTdiag(I[MTbt +T > O]), i=d+1
3)
Ko3 vi—‘v@) T(X, @) .

( ) 04(D;+1)x(d+1)s i<d
Ve([VveT(X,0)],) =
VeT(X,0) =3 1ct(M bt—|—I‘) ed+17 i=d+1

4)
K.4 V%V(z) T(X, @) :

O4Ds+1), 1<d
Vr ( [Vye T(X,0)],

ViT(X,0) =37 cel Fldiag(I[MTb, +T >0]), i=d+1

5)
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K5 V2,7(X,0):

M«

VeT(X,0) =) (M +T) eji

t

1

cee; (MTbt+F) ed_He]

M«

el VT (X,0)e; =

t

1

Vi (ef VT (X, 0)e; ) = 1[j = d+1] Y cvesd [MTby + T > 0]

t=1

6)
K.6 V%MT(X, 0):
From above, we have

VuT(X,0) =Y cbef, F diag(I[M"b, +T > 0])
1

t=
VF([VMT (X,0)] ) 3 Ve (eintegﬂFTdiag(I[MTbt +T > 0] ej))
t=1
ci(ef b))V <e}”dmg (1 [M"b, +T > 0})Fed+1)

t=1

VF([VM'T (X, @ ) zw:ct Tbt dzag( [MTbt +I > ODejeg_H
t=1

Note that we can take the scalar e b, outside of the V  operator in the third equation above because
b, is upstream of F.

L. Bounding Maximum Eigenvalues

We can express the complete hessian as a ((3(d+ 12+ (d+1)+ (8d+6)(Dy+1)) x (3(d+1)?+
(d+1)+ (8d+6)(Dy + 1))) block matrix. To bound the maximum eigenvalue of the Hessian, we
want to find max||y) =1 (v, VT (X, ©)v), where

v = concat(s,p,q,r,1,7,V, ),

= concat(sl,...,sdH,pl,...,de,ql,...,qu,rl,...rdH,m,...,ndﬂ,'yl,yl,...,1/4(Df+1))7

where s; € R.p;, qi, 75, vi € R pi 41 € RYPs+1) | Written out explicitly, we seek to upper
bound

s\ S
p V§/<2>v<z> V%Q/(z)W(z) e V§/<2>F p
q \Y% \Y% -V q
V3| T(X,0)|| = max | r WW(” W<2,)W(2’ , R (15)
o=t | g : n
v v%wz) VQFW@) V%’F v
Y Y
Therefore,
IVET(X,0)] <
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+2 Hrill?fl concat(sy,...sq11)" (V%/V@)V(Z) T(X, @)) concat(py, ..., Da+1)

Termq

+2 |\I7111|?i(1 concat(sy, ..., 5q41)" (V?MV(Q)T(X, @))wncat(m, e d1)

Termso

+2 max concat(sy, ..., 8441)" (V%CT(X, @)) "

[lv]|=1

Terms

+2 max concat(sy, ..., Sq41)" (V%V(Z)T(X, @))concat(ul, V4D 41))

[lv]]=1

Termgy

+2 Hmllazl ~f (VQFFT(X, @)) concat(vy, ...Vy(p;41))

Terms

+2 |\m|?3(1 concat(ny, ..., Mar1)" (V%MT(X, @))concat(yl, V4D 41))

Termeg

L1 Term;:
We have

Term; = 2 IIm\?Xl concat(sy, ...5q41)" (V%,V@)V(g)T(X, @)) concat(piy ..., Dd+1)
v||=

d+1 w

2
= 2mavaH:1 Z Z SiVGC(Gt,igT+1€$¢;££1G>p
i=1 t=1
d+1 w d+1
= 2maz)|y||=1 Z Z Z SiGt,iGT+1,ke$¢;€i)1ka
i=1 t=1 k=1
d+1 w d+1
/(2
<23 S Y IsilllGIE e 26l
=1 t=1 k=1

By|16} we know that ‘

etT(;s;i)lGH < 2lled]loo||Gll2.00 < 2||G|l2.00. By 22 we therefore have
Termy < 4V 2dw
L2 Termsy:

2 ”m‘z‘auxl concat(sy, ..., 5q41)" (V?MV@ T(X, @)) concat(ny, ...Nd+1)

=2 max S441 Z Vec(ctbtngrlFTdiag(I[MTbt +I > 0]))77
=1

llvll=1
w d+1
=2 mAX 841 SN cbweq F diag(I[M"by +T > 0] )y
vi= t=1 k=1
w d+1
< 2lsg1ll|Bllie Y Y ledl||ed FT diag(I[MTb, + T > 0])H|\v7k||
t=1 k=1
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w d+1

< 2sas1lllBlloo D > leell|Fasallllmgl]

t=1 k=1
The entries of the final column of F' in our construction are in [—4Dy,4Dy]. So ||F. g41]] <

4D¢+/4(Dy + 1). Using|10|to bound || B||2 o, we get
f f g ) g

Termy < 16D5y/2(Dy + Lew(d + 1)

L.3 Terms:

Terms = 2 max concat(sy, ..., Sq+1)" (VI%V@)T(X, @))’yl

[lv]|=1

=2 max Sq41 Z ctVec(diag(I[MTbt +I > O})Fed+1)’yl

lloll=1" T £
w d+1
=2 max sgi1 Z thefdiag(l [MTbt + T > 0])Feat|yax
lTvli=1 t=1 k=1
w d+1
<2sg1| YD ledlllexlIFerarn]||yiel
t=1 k=1

< 8D4/A(D; + Dw(d+1)
L4 Termgy:

Termy =2 ”m‘z‘mx concat(sy, ..., 5q41)" (VQFV@)T(X, @))concat(yl, - V4(Dy+1))
v 1

=2 max Sqi1 thVec((MTbt + F)+egd+1>u
t=1

[lv]|=1
w 4(Dy+1)
=2 sen s 30 a7 D), ] dun
- t=1 =
w 4Df+1)

el

<dssaly 3 ol
t=1 k=1

Note that [(M T +T) J . is upper bounded by 1, and therefore we have that

Termy < 4y/w(Dy+1)

[ MTbt * F)Jr} k

L.5 Terms:

2 max 7, (V%FT(X, @))concat(yl, oy VA(Ds41))

[lv]]=1

=2 |‘I11’1||axl concat(vy, ..., u4(Df+1))T <V%FT(X, @))71

d+14(Dy+1)

=2 maxz Z viI[i=d+1] thVec(eJ [[MTb, +T]; >0])

loli=1 2
d+14(Ds+1) w A(Ds+1)

i 12 o owalli=d+1]y > Ik =g]ed [[MTb+T]; > 0]y
J=1 t=1 k=1
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4(Dy+1)
= 2 max Z Vd+1JZCt M by +T; >0}71]

=1
ol pot

4(Ds+1)

<2 T
< 2vw max > asml

bll=1

< 4\/UJ(Df +1)

In the above chain of inequalities we used Cauchy-Schwarz multiple times, as well as the fact that
the 2-norm of the Fourier coefficients is 1.

L.6 Termg:
2 ”m‘z‘mxl concat(ny, ... ,Map1)" (VQFM’T(X, @))concat(yl, V4D +1))

4(Df+1) d+1 w

:2\{})1\;\1;{1 ]z:; ;W,JZVec(cf el'by) dzag( [MTbt+F>ODeje?;+1>y
4(Dy+1) d+1 w 4(Dy+1)
_ S 0> B Y I[MTbt+1“>0]jyk$d
‘“”1 =1 =1 =1 k=1
4(Dy+1) d+1 4(Ds+1)
<2|Bllie Y. Z\mel >
j=1 =1 k=1

S 8(Dy +1)Vdw

L.7 Final Result

Putting all 10 terms together, we have

IVET(X,0)| < 2v2(d + 1) +16Df\/2 (Df + 1w(d + 1)

Terml Terms

+16Df\/(Df F1w(d+ 1)+4\/w(Df +1)+ 2v6 +8(Dy + 1)Vdw

Terms Termeg

Terms Termay

~ Vd(2V2 + 44/@) + 32V2D 2 Veod + 2/ + 8D Veud
~ 32v2D?Vwd

Finally, if we follow the more parameter and space efficient construction using random projections
such that d = O(log(T)), we arrive at the final asymptotic result:

IV2T(X,0)| O(D? wlog(T))
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M Perturbed Gradient Bounds

We now consider the gradient of a slightly perturbed network, since the bound on the average
direction sharpness is only exact when the trace of the loss hessian is evaluated at some neighboring
point to our actual learned minimum ©, © + (. For convenience, denote the perturbed matrices by
Q=Q+C. K=K+, V=V+G M=M+(y,F =F+ (' =T+ (. Weuse
nested indexing for the perturbation matrices, denoting the i, j** element of the &' component of the
perturbations, we write (g, .. In this section we refer to these perturbations that make the Taylor’s
Theorem-based sharpness equation exact as the "remainder perturbations". We also reference the
"original perturbations" or "original Gaussian perturbations." We use € to denote these Gaussian
perturbations, and index them the same way as the remainder perturbations, i.e. the 7, j*" Gaussian
perturbation in the PAC-Bayes bound is referred to as e K ;- BY Taylor’s Theorem, we can assume
that the remainder perturbations are dominated in absolute value by their corresponding Gaussian
perturbations.

M.1 Some Useful Lemmas

Before proving our main result, we state some useful lemmas:

Lemma 18. Let x be a chi-distributed variable with standard deviation o and d degrees of freedom.
Define

log(%) N 2log(%)
d d
Then with probability at least 1 — 0, the following bound holds:

X < oVdR(8,d) ~ oVd

R(0,d) :=|1+2

Proof. 1t is generally known that for a chi-squared distributed variable Z; with d degrees of freedom,
the following concentration bound holds:

P(Zd > T+ 2vdz + 2z> <e?

Noting that v/Z,4 is Chi-distributed, this immediately yields a bound for any chi-distributed RV x4
with d degrees of freedom.

P(Xd >\/d+2vVdz + 2z) <e*

Therefore, with probability at least 1 — §, the following upper bound holds:

1 1
levass, Il < a\/ d+ 2y diog(5) + 2log ;)

We now introduce a new function for notational simplicity, which increases polylogarithmically with
0 and decreases polynomially with d :

log(%)  2log(:
R(8,d) == | 1+2 09655)+ 02(5)

Thus we can restate our bound on|ley,, , .|| as

vy |l < oVdR(6,d) = oVd
O
The above term approaches 1 as the number of degrees of freedom approaches infinity, which will
allow us to simplify many of the expressions involving this function in the sequel. While this is clearly

true when the scaling factor of § from the union bound is constant, what happens if we are applying
a union bound over T instances of R.V.s, such that the degrees of freedom is d = O(log(T"))? In
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this case we need to take care, since this polylogarithmic dependency on 7" has created a polynomial
dependency on d, which may cause the terms involving the log() function to not converge to 0 in the
limit as d — oo. However, the following Lemma establishes that the variation above 1 in this term is
controlled by our JLL approximation error, €.

Lemma 19. Suppose {||e;||}ic(r) is a set of T Chi-distributed variables with standard deviation o

de,2
and d degrees of freedom each, and that d > &%Q(T) — T<es Byand the union bound,

with probability 1 — 0, ||;|| < J\/&R(%). Thus, limr_o R(Z,d) = 1+ O(e,), and
Vi, llei| S oV

Proof. Note that the definition of d is consistent with our dimension-reduced construction using JLL,

9(5) . o log(%) & log(d) | & log(6)
S\ T2y ((}) P&lo ér) = 1+ﬁ l_log(T) Z(l_zog(T)>
, oy log(é) | log(é)
Tlggo L+ V2 og(T) T4 (1 B log(T))

12 5 10
_ e ,

‘We note that polynomial increases in the number of variables we apply the union bound to do not

change the asymptotics, and in the limit we are sure to have R(ﬁ(ﬂ’ d) = 1+ O(ep). O

Lemma 20. Let b, € R4 be the activation right after the first attention layer, at position t. Then
||ét — dufl1 T 30d
1be = bel| S 4od
Proof.
1B = bull = [[(7O)TXTH(X (W) ) = (V)T XT (X (WD), |

< H(f/u))TXT(¢(X(W(1))th) 7¢(X(W(1))Txt)>HJrH(f/(l)7V(1))TXT¢(X(W(1))TI1‘/)

< IOV XT ST 1) - (X)) | + 6T X7

< ||X‘7(1)||2,<>OH¢(X(W(1))Txt) _ ¢(X(W(1))Txt)Hl n HXCvm

2,00

Where we used the triangle inequality, and the fact that for any matrix M and vector v, |[|Mv]|2 <
[|M]|]1,2]|v|]1, and the fact that the 1-norm of the softmax is always exactly 1. We can follow a similar
argument to Lemma A.6 in [12] and use the the fact that Jacobian of the softmax has a (1, 1)-norm
that is bounded by 2 to conclude (continued from above):

< 2Y|X VO oo | X (W) = (W) )ae| + x|

Let us take first the simpler term on the right, . Recall that our dimension reduced-input

, 00

X
¢y ,

matrix is X = Y.J, where Jis a (T + 2 x d + 1) projection matrix. Then the j*" element of the ¢'"
row of Xy, is given by

d
[[XCvm]t]j = z_:l Jt,iCVi(j_) + Zthdgng
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By the triangle inequality, we can thus bound the 2-norm of [X (v ]; as

d+1 d d+1

2
X Gl < 4| D (3 ditym ) + 4| Doty )2
j=1 i=1 “ j=1 g
T
|Jt,;C‘/:<[;>1\
< + ||<Vd<1>1 RlIEN
‘JtT'Cv(l) | o
7 Vid,d+1
We can now use Cauchy-Shwarz to write
T
[Ji:Cva 1Sy I
i ey Mzl < I 2 NGy, |
|Jt’:CV;fil,3i+1‘ Hcvfilful

Note that ||J; .|| is a chi-distributed R.V. with standard deviation% and d degrees of freedom, while
‘ |6V,§11)1 ‘ |
||ev<1) || is a chi-squared R.V. with s.d. o and d + 1 degrees of freedom, and o is
d+1,:
||€V<1>:d,d+1||
chi-distributed with s.d. o and d(d + 1) degrees of freedom. Using|18|and then applying a union
bound over all 7' + 2 random variables potentially involved in this expression over all 7" positions,

we can express our bound as

[
X Cvmll2,00 = max || Xe Gyo|| < max|| | +iGyo |l
1€y o
:d,d+1
) ) )
po>1— <oy DR(—— —_— 1 Vd+1R(———— 1
(w.p. >1—46,Vt) < o\/d(d+ )R(T+2,d)R(T+2,d(d+ ) +ovd+ R(T+2’d+ )
~ od

Where we have used Now we consider another term in our bound for |b~t — by| above,
(@) — @)

= HXCW(l) Ty H . To bound this term, we note that
o0 o0

| Xwera

<X Cwo 2,00l ll;
o0

and then bound these terms individually. Note that

d
el Gl =) Joibwo + 2

i=1

l

From the triangle inequality, we can factor the above expression and replace the remainder perturba-
tions ¢ with the original gaussian perturbations e that dominate them in absolute value:
HEWSA I
<max || |G
s d+1,:

2,00
1w,

|ZS|

|x (o) — woyn)|

note this is the exact same distribution of R.V.s that we saw when bounding || XV (||5 o, above. We
can again apply the union bound over all T’ + 2 R.V.s in question and apply[T9]to conclude that

1X ¢ ll2.00 S od

From [10|, we know that ||7;]| < [|X||2,00 < V2, which holds simultaneously V¢. Therefore by
applying Cauchy-Schwarz, we arrive at the following bound which holds w.p. 1 — ¢ :

Ve || X ol S V20d
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It follows that _
lée — el < 201X ¢y el S 2V20d < 30d.

Finally, we consider the term || XV (1|, . Recall that z; = J”y;, and so the I!"* element of z;
is [x4]; = (JT)14 for I € [d], [#¢]as1 = 2. In addition, recall that the matrix V(1) = JTV 1) ¢
RUE+DX(T+2) jg 4 matrix of all Os except in the final row and column, which has a 1.

Thus the (,7)"" element of X V(1) is given by:

d d
@ VOl = 2V 4+ DD Vi = ap A+ 1li=d+ 1) 4+ ) Ty
1=1 ” 1=1

By the triangle inequality, the 2-norm of 7 V(1) is thus bounded by
|th::CV(1) |
T (1) :d,1
llze VI < lzel (1@ I+ lleatall) +
d+1,:d

L
|Jt,:C‘/:gi{31+l|

We can once again use Cauchy-Shwarz and apply our union bound over T+2 chi-distributed variables
involved in the above expression for all ¢ to conclude that

~ 0 1
T (1) < _ _— ~
122 VO < 14 o VdR(7——,d) + o/ (dld + DRz, d(d + 1) R(z7— . d) ~ 1+ od
Putting this all together, we have that with probability at least 1 — 34,
1B = bal| < 201XV oo [ X (WO = (WO )ae |+ | x|,

< 2(1 + ad) (\@ad> +od~ (2V2 + 1)od + 2V202d>

To simplify our analysis and the notation, we make the following simplification: we ignore the terms
involving orders of o of 2 and above. The reason for this is that the additional dependencies on
w, Dy, d that appear in terms involving e.g. o2 are no larger than the largest dependencies for terms
involving o. Therefore, any choice of o that is small enough to make the first-order terms small will
be small enough to make the higher order terms even smaller. While this argument is informal (we do
not prove it explicitly for each and every bound), it can be easily verified, and dramatically simplifies
the derivations in the sequel. One consequence of this is that, for any bounds involving terms that
are the product of a perturbation term with another term that is a perturbed parameter matrix (i.e.

||‘7TXT||2HX(WT _ (W(l))T)xt

will lead to an O(0?) term that can be ignored. Therefore, we could have made the approximation
that

above), we can safely assume that the perturbation component
1

||‘7TXTH2HX(V”VT _ (Wu))T)xtHl ~ ||(V(1))TXTH2HX(V”VT _ (W(l))T)xtHf

and all of the perturbation terms that are first-order in o would have been the same. We will employ
such approximations in the sequel. With this in mind, we use the first-order approximation, and round
our constant up to the nearest whole number:

Hgt — bt” S 4od
O

Lemma 21. Let g, € R be the activation right after the MLP sublayer; including the residual
connection, at position t. Furthermore, assume that the standard deviation of the perturbations is
such that

o<

16dD;

Then
1G: — gel| £ 32‘7ng”

€ O(ocD3)
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Proof. We will use the triangle inequality many times in the following arguments, starting with the
observation that

H ( TXT(ZS( ( (1))Txt)> 7§(VTXT¢(XWTI15)>H
< (VXS (X W 20)) — (V)T XS (X (WD) ) )
(VT xTo(x W) — o (VEXTO (X2 )|
To illustrate the two main components involved in our bound, we simplify notation and write

—g(by)|| + ‘g(i)t)_g(bt)

Attn. Perturbation MLP Perturbation

Hg bs) — g(by)

Note that in the attention perturbation term, both terms inside the norm involve the unperturbed
MLP function g, which has a slope of 0 near b;. This term will be zero as long as none of the
MLP activations changes. In reality, with some small probability, one or more of the neurons in the
perturbed transformer may flip from being active to inactive. We opt to bound the probability of any
such scenario occurring, effectively eschewing the need for a detailed analysis of it. Because of our
choice of an MLP construction that has some width around the points in the domain for which the
value is constant, this probability is low as long as ¢ is small (unlike some other constructions of
indicators from ReLUs using e.g. triangular waves). For any neuron to change its activation, it must

be the case that |M :E‘Bt +T; — (M TZ b +1)| > ﬁ. In other words, for such an event to occur, the
total perturbation in M E;bt + I'; must be at least as large as the resolution of our MLP. Now,

|MTby + Ty — (M5 + T3)| S M5 (b — be)| + [(M5 — MT)by + (T — T)|

< b — bel| + 11¢as.,

In we bounded ||b; — b¢|| < 4od. In addition, we can bound each of the ||¢ M.l
distributed variables with d 4+ 1 and 1 degree of freedom, respectively. Taking a union bound over all
4(Dy + 1) instances of these variables, we have With probability 1 — 4,

1)

. 1)
Vi S [4(Df + 1)] . |6Fi| S O'R(m,

0
8(Dy +1)’
Thus, the following bound holds for all i € [4(Dy + 1)) :

Vi€ [A(Dy+ 1))« |[Car, || < o R( d+1)~oVd

|MEby + Ty — (ME5b, + 1))

S dod + oR( 1) +oVd

1)
8(Df + 1) ’
~ 4od
In order for the RHS to be less than ﬁ, we must have

1
<
7= 16dD;

As long as o is small like this, then with high probability, none of the activations in our MLP will flip,
and we conclude that

a6) = g(en)]| = 0

Now, the second major term we need to bound is the perturbation in the MLP: Hg(ét) — g(by)||-

Expanding out the MLP function in terms of the parameter matrices, and applying the triangle
inequality, we obtain two main terms:

a0 = 900

= HFT(MTEt + f)+ - FT(MTBt + F)+H
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< HFT(MTBt + 1), = FT(MTh, + r)+H n HFT(MTEt 1), — FT(MTh, + r)+H

< HFT(MT?)t + 1), — FT(MTh, + 1), H + HFT(MTbt 4+ 1), — FT(MTb, + 1), H

Termq Termso

Where we have replaced F in the first term above with just F|, since this term is already considering
perturbations to M and I', and therefore the perturbed versions of F' and b, contribute only a second
order term to the overall perturbation. Recalling that the first d columns of F' are 0, we then have

Termy < |(Fran) " (V7b + D)y = (L) (MTh + 1) |
< HF:,d-HH H(MTIBt +1)y — (MTh, + F)+H

< o5 a7 |

where we have used the fact that the () function is 1-lipschitz. Recall from our definitions that
M € RUFD>XADs+D) “while I' € R*Ps+1) and F € RYPr+Dx(4+1)  Note that

4(Dy+1) 5
HF“d“H =\ Y (#4Dy)? <4D;\/A(D; + 1) ~ 8D
=1

Now, note that the i element of (M7 — MT)b, + (I' — T') is given by ¢p, + CMI»,:Er Therefore, by
the triangle inequality

1T = MT)be + (0 = T)ll2 < 1IGell + 1160z, apa Il Beasa] < [1Cell + 1160 |

Note that we have replaced b, with b; due to the aforementioned argument, that the difference is only
in the terms involving O(o?), which we assumed can be safely ignored for our purposes. We also use
the fact that only the d + 1 dimension is nonzero for b;. ||er|| and ||eas, ., || are each chi-distributed
R.V.s with 4(Dy + 1) degrees of freedom. Thus, applying a union bound, the following two bounds
hold simultaneously with probability at least 1 — ¢ :

lerll < 0/4(Dy + DR(S, 4(Dy + 1))
learll < 0\/4(D; + DR(G, 4(D; +1)

By the triangle inequality, with probability 1 — 4,
~ ~ )
(T = MT)by, + (F = T)llz < 20\/4(Dy + DR(S, 4Dy + 1))
é 40’\/ Df

‘We now consider

T6Tm2 = HC};(MTBt +F)+H S ||<F||2,OOHMTZ~)t +FH1

To bound HC F H2 » We use the same arguments as before for bounding chi-distributed variables with

4(Dy + 1) degrees of freedom, using a union bound over all d + 1 rows of (. With probability 1 — §:

5
¢l < a\/mMﬁ,zx(Df +1)) ~ 20,/D;

To bound ||MTbt + F||2, we have

|76, + T, = || 370+ T, < (1] ]| + [

<2\/4(Dy +1) ~ 4,/Dy.
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We now summarize the bounds on all of the ingredients to our MLP perturbation, as well as the final
bound on Hg(ét) - g(l;t)H .
|
MLP Perturbation
Hg(gt) - g(l;t) < Termy + Terms

HF:,dJrIH H(MT — MTYb, + (T — F)H

|Gl oo [ 2278 + T

+(307) (40v/Dy) + (201/D5) (4V/D5)
=80Dy(4Dy + 1) ~ 320D}

Finally, we combine the two results to get the perturbation to the norm of the MLP outputs: the
perturbation of the MLP applied to the perturbed attention output, and the perturbation of the
unperturbed MLP applied to the perturbation in the attention output:

ov) - 300 — 90|+ [a50) — 950
Attn. Perturbation MLP Perturbation

< 32007

€ O(UDJ%)

O

Theorem 22. Given a set of remainder perturbations  to the parameters © such that |(;| < |e;],
where € ~ N'(0,0%)", the error of the perturbed transformer satisfies:

|f(z) = T(X,0+ Q)| <Tp(o,w, Dy, T)
where

Ty(0,w, Dy, T) £ 1280 Djwlog(T) € O(o Djwlog(T))

Proof. We bound the magnitude of the perturbation of our transformer, |7 (X,© +()) — T (X, ©))|.
/(@) =T (X, 040 < [f(2) =T (X, 0)|+|T(X,0)=T(X,0+()| = |T(X,0)-T(X,0+()|.
T(X,0+Q) - T(X,0)| < [(VE)TETGE), - (v@)TaTol)|

< ‘(‘7(2) _ V(z))TGT(b(T?ll‘ I ’(V(z)) G-a T¢T+1‘ n ’ VYT GT (2 ¢T+1)’

T+1
< HGC\/&)

_t|l@=ow@|| _+|eve|| 18 - o

Where we have used Holder’s inequality three times, and used the fact that ||<;5(T211 [l1 = 1. Recall
from [10| that HGV(Q) H < v/w. We showed inthat
o

2
165, — 6711111 S 1280 D3/wlog(T)

Note that
|eV® —v®)|| < iGllaslicvell < V2IGre |
[|¢y 2 || is a chi-distributed variable with d + 1 degrees of freedom, and this with probability 1 — 4,
I¢ve | < oVd+1R(6,d+1) ~ oVd.

Therefore

|ev® —ve)| <ovad

oo
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Now, we have

|@-cwv®| <|@-o), Iv?I<va|@-of

2,00

Where we have used our bound on D = "7 | from (10| Combining this with our bound on ||g; — g||2
in[21] this yields

H(é NS H < 32y/wo D2
Putting this all together, we have
T(X,0+0) — T(X,0)| £ 0v2d +32VE0 D} + 1280 Diwlog(T)
~ 1280DJ2¢wl0g(T)
O

Lemma 23. Let g; € R be the activation at position t after the MLP, and let b, € R**! be
the activation at position t immediately after the attention sub-layer. Furthermore, assume that the
standard deviation of the perturbations is such that

<
7= 16dD;

Then with probability at least 1 — 0, the norm of the perturbation in the i*" column of the Jacobian of
gt with respect to b, is given by

Proof. Our expression for g; in terms of b, is given by

(T 0] = |Ta (b))

B i

< 160D3

gt:FT<MTbt+f)
+

Using basic rules of matrix calculus, the Jacobian is given by:

— FT Diag (I {MTbt +I> ODMT

Note that in our exact construction, only the last row of FT and the last column of M7 are nonzero,
meaning that only the bottom right entry of the Jacobian is nonzero (allowing us to make the drastic
simplification in [T3).

However, when we are dealing with perturbations, we must deal with the full Jacobian matrix.
Consider the norm of the perturbation of the derivative of g, € R4+ with respect to By ; :

- HFTDmg (I [MTb} 4> oDMTedH — FT Diag (I [MTbt 4T > o} )MTed+1 H

[0 00)] = [75.00)]

i

0

Note that, if we can assume that none of the MLP neurons change from being positive to 0 or
vice-versa under the perturbation (an assumption formally justified already in[21)) , then we have

I{MTI)} +T > 0} =1 {MTb; +T > 0}. From there, we can easily bound the above using the
triangle inequality:

< HFTDiag (1 [MTbﬂLr > OD(M—M)Ted+1H+H(F’—F)TDz'ag (1 [MTbt+F > 0])MTed+1H

<7, o= anew| | -], s
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The perturbation |} (b;) — g/ (b;)| does not depend on ¢, and thus we do not require a union bound to
make it hold V¢. Recall that F' is only nonzero in its final column, which has absolute values of 4D .

Thus ||F||2,00 < 8y/Ds+1Dj =~ 8D2 Similarly, the only nonzero row of M is the last row, which

is all 1s, and therefore || Meg41|] < 24/Dj+1 = 2D]%. H(M — M) ed_HH is a chi-distributed
variable with 4(D + 1) degrees of freedom, and therefore with probability 1 — ¢,

H(M . M)Ted+1H < o\/A(Dy + 1)R(5,4(D; + 1)) ~ 20\/D;

Finally, for H (F—F)T H , we can take a union bound over d + 1 chi-distributed variables with
2,00

4(Dy + 1) degrees of freedom to obtain the following bound which holds with probability 1 — §

(F—F)7 ga./4(Df+1)R(i,4(Df+1)) ~20/Dy
2,00 d+1

Putting these pieces together, we have

2 N 2
g 160Df +40Dy = 160Df

|:‘79t (bt)} -

i

[jg” (Bf)} i

This bound only holds as long as none of the MLP activations changes, which as we show in [21]
occurs with probability at least 1 — § as long as

< 1
— 16dD r
As long as o is small like this, then with high probability, none of the activations in our MLP will

flip, and our simple bound on the norm of the perturbations of the columns of the Jacobian above
holds. O

Lemma 24. Let g; € Rt be the MLP activation at position t. Then we can bound
IV, T(X,0)|| < ] + 4v/wlog(T)I[t = T + 1] + dwlog(T)I[t € [w]]
Proof. The more general formula for V4, 7 (X, ©) which considers all of the dimensions of g; €
R is given in[15|by the following:
Vi T(X.0) = ¢ 65, (V) el ern (V) GT 632, (W) e 120, GV et oW ®
By the triangle inequality,
IV, T(X, 0l
< |%|HV(2) |+ 1l =T+ 1] (v TCT e v O)T|| + e i av @ e, aw |

Note that the only nonzero element of V() is the final dimension, which has value D = Z:’Zl et <

v/w. Therefore | %
us that

‘V(Q) H = el Hed+1 H < |et|. To bound the second term, we use , which tells

|vETaT s e )| < 216GV O] GO,

We have already shown in[10]that |GV ®||o, < /w. It is shown in [10]that | G(W )T |3 00 S
2log(T). Thus

|(venTaTeE aw )| < avilog(1)

Now we bound

615T¢;i)1GV(2) €%+1GW(2) H

eTq[);i)l H < 2I[t € [w]]. Note that we can condition on ¢ € [w] because

We can use
/(2)

the unperturbed softmax Jacobian matrix ¢/, is a (symmetric) outer-product matrix with nonzero

Fotlleveracme]
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entries only in the first w rows and columns. In|10f we showed that HGV(Q) H < V/w, and that
(W) Tgr || £ 2¢/@log(T).
Therefore
He?ﬂéi_)lGV@)e?HGW@ H < dwlog(T) It € [w]]
In summary, we have
IVET(X,0)|| < le] + 4vwlog(T)I[t = T + 1] + dwlog(T)I[t € [w]
O

Lemma 25. Let qﬁé?j_l € RT*1 be the softmax score for position T + 1 in the second attention layer
of our transformer. Then

2 2
1651 — &5 1 lloo < 1165711 — 601111 £ 1280 D3 /wlog(T)

Proof. By construction,
¢T+1 = p(GW)gry.

We seek an upper bound on the 1-norm of the perturbed final activation, which also serves as an upper
bound on the co—norm:
~(2 2 2 2
[ i [ I
By Lemma A.6 in [12], the 2-boundedness of the (1,1)-norm of the softmax’s Jacobian matrix implies
that

[6(GOVO) gr41) — oGV ) gr 1)l < 2IGWV ) G141 — GW ) 914110
S 2G = O W) gri]loe + 2GR = WD) g1 [0 + 2IGWVENT (G741 — g741) |0

< 2|G=Gll2.0 [WP) T gria [ 42/ GV E WD) ||z oo | g1 [[+2] |GV D) T 2,00 [| (G741 -9711)

Note that ||G — G||2.0o was already bounded in [21] E In u we show that ||(W®)Tgr, || <

2/wlog(T'). To bound the term ||G(W @) — WE)T||, . we follow similar arguments to the proof
of 20 to arrive at the bound

CENT i (@NT B | ||€V'V:<;>1||
JevenT — W) < max | +lw [io

Cwe,.,

Continuing to follow that proof, we can again apply the union bound over all 7"+ 2 R.V.s in question
and apply [I9]to conclude that

1G¢H ll2.00 < 0d

We have already bounded HQTHH mMas < 1. Clearly, ||(§741 — 9711)|] < ||G — G|2.00- Finally,
we show 1n.that ||G(WEHT < 2log(T).

Putting all of these bounds together, we have

2 2
1651 = 670 lloe < 161, — #0111
< 1280 D3 v/wlog(T) + 20d + 1280 D}log(T)

~ 1280 D7v/wlog(T)
O

Lemma 26. Let g;, §; € R4 be the unperturbed and perturbed (respectively) post-mlp activations
of our transformer. Then the 2-norm of the difference of the gradients is given by

|<v§tT(X’ é) - vgtT(X’ @), €l>|

< 1280 D3wlog(T)1[i = d + 1] + 7680 D3w 2 log?(T)I[i < d + 1]
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Proof. Recall that the more general formula for V, 7 (X, @) which considers all of the coordinates
of gy is given in[I3]by the following:

VIT(X,0) = el 67, (V)T + el §12, GV AL, GWE 4 e ey (V)T GT R, G )T
Termr Termrr Termyry

We can decompose the perturbation to this gradient in terms of the perturbations to these three terms :
|<v§tT(Xa é) - vgtT(X? @), eL>|

= |(Termy — Termp)e;| + |(Termr — Termyy)es| + |(Termyr — Termyrr)e;]

We begin by decomposing the perturbation in T'erm; into two components, using the triangle
inequality.

|(Termy — Termy)e;| <

= (¢T+1 ¢T+1) V(Q) ‘ + ‘6 Cb V(z) - V(2))Tei’

<\7H¢T+1 ¢T+1H Ili=d+1] +|Ct|‘ (V@ _ T, ‘
We show in[23] that
2
|62, - ¢(T11H < 1280 D2 /wlog(T)

In addition, we note that ’(V(Q) — VT, (0,1). Thus we have

|(Termp — Termy)e;| < 1280D?wlog(T)I[i =d+ 1]+ 0R(4,1)
Moving on to the perturbation of T'erm;, we once again apply the triangle inequality:
|(Termyr — Termyr)e;| < ‘et ¢T2) GV el S GW@Pe; — e?qb'}j_)lGV(Q)e%:HGW(z)ei‘
By the triangle inequality, this is bounded by
‘et (¢ @ GV@)eTﬂé—¢$?1GV(2>£HG)W<2> ’ ‘et $D, GV L, GV - @),

Note that the first term above terms vanishes when ¢ = d + 1: the term with only the unperturbed

W 2) matrix vanishes, because the final, (d 4+ 1)”‘ row and column are all all Os. In the general case
where i < d + 1,

|(Te7°mH —Termpr)e;| < |e; QSTHGV GW(Q)eZ (;5/(2 GV(Q) z GW(Q)el

< [ef @2 - oine v<2>e%+1GW@>Hf[z'<d+u

Terma

H T2 GV — gy )eT+1GW(2)HIz<d+1]

Termp

v wo|

Termc

+ Hefq#i)lGV(Q)e%H(é — QW@ H i <d+1]

Termp
<need to complete this>

N e B R N |

where we have used the symmetry of ¢; — ¢} and Holder’s inequality. Note that by|10|, HGV(Q) H
/@, and He’i;HGW(?) H = (W) gri1|| S 2v/@log(T). We showed in [27] that H(&s’ﬁl -
(b/ﬁ_)l)et < 3840D12[ vwlog(T). Plugging this bound in, we have that

Termyg =

el (312 = 012GV et GW || £ 7680 D3wtlog?(T)
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For Term g, we can use Holder’s inequality:

TED VO -GV oW < | T | [ @FO-aven|_|d.owe)|

/(2)
efoith|, < |0

Again from Lemma A.6 in [12], we know that this is bounded by 2. To bound H GV —Gv®@) H

we start with the triangle inequality:

/(2)

Note that Tl H is the maximum absolute row sum of the softmax Jacobian.

v v e v o~

|cV® —v®)|| < iGllslicvll < V2liGre |
[|¢v ]| is a chi-distributed variable with d 4+ 1 degrees of freedom, and this with probability 1 — 4,

¢y || < ovVd+1R(5,d+ 1) =~ oVd.

Therefore
HG(V(Q) _ V<2>)H < ov2d
o0

Now, we have
fo-awe], <le-el, wonsps oo
00 2,00 2,00
Where we have used our bound on D = "}, from|10} Combining this with our bound on ||g; — g¢||2
in[21] this yields
H(é — QY@ H < 32y/wo D
Thus
|(@V® —ave)|| < ovad+s2vieD} ~ 82ve0 D}

We showed inthat (WENT g 1]] S 24/wlog(T). Combining these results together, we con-
clude that
Termp < 640wDJ2cl0g(T)

Moving on to T'ermc, we have

Terme = ||ef pho, GVl (GWE —w®))|

< [eF iz ovel ler@ar® —we)

The first two terms have already been bounded, so we focus on the third term. To bound

L LGP —w®@) H, we follow a similar argument to that of ??

i) <ot |

2,00

Note that the perturbation matrix () = W@ — W® has the same exact distribution if it is
transposed. Therefore we can use the same bound fromfor HG (W(Q) — W(z))T H to conclude
2,00

that
@ -—we)|  <od

2,00
Therefore
Terme < 20v/wd

Now we consider T'erm p. First, note that

|(G=eW®|  <|G = Gll2uc WP,

)
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It is shown inthat W @]y < 2y/wlog(T). We have already bounded ||G — G||2,00 < 320D3.
Therefore,
Termp 5 640+/wdD}log(T)

Finally, we can bound
HT@TNmH —Termyyl|| < He? ~/T(j_)léf/(2)e£+1éﬁ/(2) H
< 7680 D3w3log?(T)1[i < d + 1] + 6dowD3log(T)I[i < d + 1]
+20+/wd + 640\/wdD}log(T)I[i < d + 1]

~ 7680 D3w3log?(T)I[i < d + 1] + 20/wd
For the perturbation in T'erm;;r, we have

(T Tomannd < 1= P (99 6380V e
By the triangle equality,
H(V(Q))TGTQE;Ei)lé(W(Q))T _ (V(z))TGT¢;gi)1G(W(2))T“

< |[@v® - ave) TR cw@)T|| 11 < a+1)

Terma

+|veyTaT @, - enaw )T 1t < d+ 1)

Termp

|G cr @ — w@)T)|

Termc

|(v@)TGT iR (G - W) 1li < d+ 1]

Termcg

First we handle Term 4. Byl we have H (GVE —gv® )T¢/(2) G(W®) H < 2” (GV® —

GV® H HG T/V(2 H In our above bound on the perturbation to Term;;, we showed that
H(éf/<2> - Gv<2>)H < 32V/wo D?

In addition, we have from that HG(W<2>)TH < 2log(T) Thus Term s < 128v/wo D2log(T)

2,00

Next, we turn to Termpg.

ol il o,

<[ e st Joove]

2,00

, we can use the same overall argument as

In order to bound the term H (V(Q))TGT(gb;gi)l - gblqgi)l)

above for bounding H Qf’/q(“i-)l gb&gi_)l)et . The only difference in the argument is that each of the
three main terms will have a factor of |( V(Q))TGTQS | out front (instead of 7 ¢'7 +1 ). When we

apply Holder’s inequality to this, we gain a factor of HGV N||so » which we have already bounded
as < v/w. Therefore we conclude that

H(V<2 TGT (62, ¢;2+>1)Hl $ 1920 D (d + 2Dy )wlog(T)
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Using our bound on HG(W(z))T H2 from , it follows that

Termp 5 7680 D3wlog®(T)

Finally, for Term¢ we have by [I6] that

st -we < o] -]

2,00

We have already bounded HG(W(Q) - W(Q))TH

2,00

Termc S 20y/wd

< od in the proof of 25| Thus, we have

For T'ermp, we similarly have

|vOrere @ - <2lev®|| @ -am®)|

2,00

Using standard matrix norm inequalities, we have

@-awerr], <|é-ef, e,
We show inthat HW(Q) H2 < 2y/wlog(T). Therefore we have

H(G - G)(W<2>)TH < 640/ D2log(T)

2,00

Therefore
Termp < 1280wD?log(T)

Combining Term 4, Termp, Termc, Termp we have
\|[Termyrr — Termyr]|
< 1280v/wD3log(T)I[i < d+ 1] + 7680 Dwlog®(T)I[i < d + 1]
+20+/wd + 1280w D}log(T)I[i < d + 1]

~ 7680 Djwlog®(T)1[i < d 4 1] + 20+/wd
Finally, we have

(V3. T(X,0) =V, T(X,0))ear]
< |(Termy; — Termyp)eqyi| + |(Termrr — Termyr)eqrr| + |(Termyrr — Termyrr)eqrn|
< 1280 D3wlog(T)I[i = d + 1] + o R(6,1)d
+7680D?w%logQ(T)I[i <d+1]+20vwd
+7680 Dwlog?(T)I[i < d + 1] + 20/wd
~ 1280 D3wlog(T)1]i = d + 1] + 7680 D3w 2 log*(T)1[i < d + 1]
O

Theorem 27. Let q@%i)l, q#i)l be the perturbed an unperturbed Jacobian of the softmax scores for

the C LS position in the second attention layer in our transformer. Then the following bound holds

Sfor the maximum row/column 2-norm (noting that both (ng(i)l’ ¢/7(13_)1 are symmetric) of qng(i)l — ¢ﬁ_)1 :

<[|@2 - #f)e

H(&ﬁl — ¢ ey < 384003 islog(T)
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Proof. We use the well-known Jacobian of the softmax to obtain
($7h — 91h) = diag(6) — S7L1($71)" - diag(6)y) + &7 (B5,)"
= diag($); — $h1) + S (Br — 070 + OF 1 (6Fh — o1
Taking the 1-norm of (ng ‘1#11)% and then applying the triangle inequality, we have
G2, - 620
+ H¢T+1 T+1 ¢T+1) €t "’ Hqs(TQL (TQL ¢T+1) €|,

) 2 2 2 2 2
The 1-norm of dzag(gﬁ(TJ)rl qSTH)et is upper bounded by ||¢)(TJ)rl (Til [loo < ||¢)(TJ)rl gpil []1-

Meanwhile,

< Hdiag(éﬁl - ¢g*2j)L1 Jer

HetT(;sg-)-1(¢T+1 ¢5112-)|-1)TH ~ ‘ t¢T+1( T+1 ¢T+1) H

1
2 2
oL || B - o2L0m)| |

2
< oL ll, H 62, — oL, = [ @8 — o)D)
Putting this together, we have

(2, - 62| < 36

1

/\

T+1 ¢T+1) ) H
HQBQ) ¢(2) “ was already bounded with high probability in Plugging in this bound, we have

T+1 T+1
T1(2 2
@2 = 6ier

< 3840D]2¢ Vwlog(T)

O

Theorem 28. Given a set of remainder perturbations ( to the parameters © such that |(;| < |¢;],
where € ~ N(0,0%)", the norm of the perturbed gradients satisfies:
IVT(X,0+ () — VT (X,0)|| < Gp(o,w, Dy, T)
where ;o
Gp(w,Dy,T,d) € O(UDJ%uﬁlog(T)Q)

Proof. M2 ||V T (X, (:)) - Vv T(X,0)

Consider the gradient V7 (X,0) = GT¢T 1> the norm of which we upper bounded with

||V T (X,0)|| < /2 above. If we perturb the network weights slightly, we have the following
perturbed output:

V(/(mT(Xv é) GT¢T+1

Taking the norm of the perturbation, we have

HVMT X,0) — VyoT(X,0) H

= HéT(l;(;L - GT¢T+1H < H G-G) ¢T+1H + HGT ¢T+1 ¢¥i1)”
< 1@ = &) TI12l68) 1111 + [1GT ||, — %01k

<||G G||200—|-||G||200H¢T+1 T+1H1

We just proved in 21| that
vt Hg}t - all £ 32(1DJ2£7

In addition, we showed in|10[that ||G||2,c0 & V2, and in[25|we showed that
2
197701 = 61 llx 5 1280 D} viwlog(T)

Thus
Vi T(X,0+C) — Vi T(X,0)|| £ 320DF + 128v20 D3 v/wlog(T)

R 128\/501)? Vwlog(T)
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M3 |[ViyT(X,0) - Ve T(X,0)|

Plugging our perturbed matrices into the formula for the unperturbed gradient of our transformer
with respect to T/ (1)

Ve T(X,0)= gT'*‘l(V(z))TGT(b/q(«i_)lG
Noting that the RHS is a rank-1 outer product, we have

HVW@)T(X, @)H = ||9T+1||H TG G

By the triangle inequality, we have
Ve T(X,0 + Ol < [IVwa T(X, 0)[[ + [[Viye T(X,0 + () = Vipe T(X, 0)|]

We can further decompose the perturbation term using the triangle inequality:

IV T(X,0+0) = Vi T(X, 0) = [[ (7T G762, G - (V)T 6T

|7~ veyrere, o + oG - ey ee

+|v@yreTe @ - o)

From|[T6 and only keeping terms that are first order in o, we have

|r@ —venrare@ a| < 2 G - v®)|| (IGlle =267 = V)| 1G]z
| @ -aeifé|| <2 @ - v ®| 116l = 2|(G = V| _IG]2e

|veraTe@ - o) < 2|av®| 116~ Gllan

GV®@ H in. We show inthat

|ev® —ve)| <ovad

oo

We have already bounded ||G — G/||2,00 inand [|G]2,00,
the following two bounds hold:

H(é —Gyv® H < 32y/wo D>
Putting this all together, we have h
IVip@ T(X,0 +¢) = Vg T(X, 0)|| £ 40Vd + 64V20\/wD? + 64/wo D3
< 1920v/wD7

M4 ||V T(X,0) - Vo, T(X,0)]
We showed in [T3] that

w
T vTxT
Vira T(X,0) = Z Ctg£$t6d+1 Vi X7 X
t=1
However, this formula relied on the assumption that the dependency graph in our exact construction
only involves the final dimensions of g; and b;. While true for our exact construction, this is no longer
true when the parameters are perturbed. In the case of the perturbed construction, we need to use the
more general formula provided in[T3] applied to the perturbed transformer:

T+1d+1 -
Vo T(X.0) = 33 VET(X,0)[7;, ()| Vo B

t=1 i=1

Note that the sums in these gradients now go all the way up to T' + 1 rather than stopping at w. This
is because in a perturbed transformer, the MLP outputs for “empty” positions beyond the w required
to compute our function may no longer all be 0, and may contribute to the transformers output and
gradients.
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In order to bound the perturbed gradient, we first bound the norm of the perturbation, using the
triangle inequality:

HVW(UT(X’ ©+¢) - Viu T, @)HF

T+1d+1
< ; ;| (V5T (X, 6) = VA T(X.0)) [T b)), |||V B i
Termy
T+1d+1
+ Z Z ‘V [jgt (bt)] [jgt bt |HVW(1)Bt 7
t=1 i=1
Terms
T41d+1
+ZZ‘V T(X.,0)[Jy, (b)] |va(1)Btz_VW(1)Btz
t=1 i=1
Terms

Recall that the only nonzero element of the unperturbed Jacobian (7, (b;) is the last row and column,
and therefore we can remove the sum over ¢ in T'erm; and T'ermg. For the final column of the

Jacobian, we have [ 7y, (b;)], gy1 = €d+1 ‘ ggf (1

MLP output with respect to small changes around the points in the grid of possible values for B; 411

. Recall that in our construction, the slope of the

t,d+1

for is 0, and thus we have gg = 0. Therefore, only T'erms survives. We show in ?? that

(5 00)]

i)

< 160D7

i)

H EACINE

In[24] we show that
IVET(X,0)]| < || + 4vwlog(T)I[t = T + 1] + dwlog(T)I[t € [w]]
By Cauchy-Schwarz,

Vo T(X.0)([T5 B, — [T 0], )] < | Vo, T O ||| (b)) -

Y3

(75,50

0

< 160 D3 (|ee| + 4v/wlog(T)I[t = T + 1] + dwlog(T)I[t € [w]])
Taking the sum over ¢ and applying the indicator functions, we have the following:

5 |va x| [0 0] = [7n@0)] |||V B,
t=1 e

= 160D? TZH <|Ct + 4y/wlog(T)I[t = T + 1] + dwlog(T)I[t € [WH> va(l)Bm .
t=1

~ 160D? (\/a + 4vwlog(T) + 4w2109(T)) HvaBm i

~ 64chw2log(T)HVW<1>Bt7i h

Finally, we handle the va(l) By

term. It was shown in|15|that
F

|Vw B

= 2V2I[i = d + 1].

Thus we have

[VwoT(x,6+0) - Vo T(X, @)HF < di 64D%10g(T) [V B i
=1

< 128\[2D]2cwzlog(T)
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M5 |[Voo T(X,0) — Vi T(X,0)|

We once again use the more general expression for our gradient with respect to V(1) that uses the full

Jacobian.
T+1d+1

Voo T(X,0)=>" > VIT(X,0) [jgf(bt)} _in/u)Bm

t=1 i=1

After canceling out the terms involving the unperturbed Jacobian of g; with respect to b; and keeping
only the term involving the perturbation of the Jacobian, we have:

Hle)T(Xa O+ - Vi T(X, @)HF

T4+1d+1
IS Z Z |V ([jgt(bt)} — [Tq. (be)] |HVV<1>Bm
t=1 i=1
d+1
~ 64D3wlog(T) Z Hle)Bt,i -,
i—1
It was shown in[T3] that
va<1)Bt,i - V2

Thus
[Vow T(X.0+0) = Yy, T(X,0)|| 5 64v2dD3wRlog(T)

M6 ||V T(X,0) - VuT(X,0)

It was shown in[I3] that
VuT(X,0) = b, F diag(I[M"b, +T > 0])
t=1
In the case of the perturbed construction, we once again need to use a slightly more general formula
that accounts for the possibility of the transformer output depending on the first d dimensions of g;.

T+1d+1
IT(X,0) ~
Vi =y >y )V G
t=1 i=1 aG“

HVMT(X, 0+()— VuT(X, @)HF

R |oT(X,6)  9T(X,0) T (X, 0)
< ;; 8Gtz aGt,i HVJWGt,i F+ Ttl HV Gtz—VJy[th

It was shown in [[3] that
VG, = bee] FTdiag(I[MTb, +T > 0]),
and that the norm of this intra-layer gradient term can be bounded as:

HVMGM = 8D2I[i=d+ 1At <]

In[26] it was shown that
|<v§tT<X7 é) - VgtT(X7 @>7 ed+1>| é 1280D?\/EZOQ(T)

Note that, unlike the unperturbed gradient with respect to M, we no longer have the unperturbed

o7(X.0) _ ¢t, to cancel out the gradient for the “inactive” positions
OG¢,d+1 ’

after the first attention layer (with ¢ > w). However, since the unperturbed intra-layer gradient

derivative with respect to Gy g1,
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V Gy, is also 0 for ¢ > w, we can still avoid the 7' dependency in our gradient perturbation. Thus

we have
T+1d+1

9T (X,0) 0IT(X,0)
aém aGt,i

0T (X,0) 0T(X,0)

G+t a41 0G4 41

feucd,

< 10240D%w%log(T)
In addition, note that by Cauchy-Schwarz,
8'T(X 0)
0Gy

We have already shown in[28]that
T+1

S IV, T(X, O)l S Vo + 4v/log(T) + 4wlog(T) ~ 4w?log(T)

‘v T(X,0)e;| <

va;rx @)H

‘We now consider the term HVMGM — VG
gradient, we have

. Starting from our formula for the unperturbed
F

HVMét,i — VG - <

beT BT diag(I[MTh,+T > 0]) — byeT FTdiag(I[MTb,+T > 0})”

S Mol

el F" (diag(I[M"h; + T > 0]) ~ diag(I[M"b, + T > 0))) |

(bl €7 (F = F)T diag(1[MTb, +T > 0])H

H[Br — bell|| €? P diag(I[MTb, +T > o})H

Just as we saw in [21] and then again in 23] with some small probability, some of the neurons in
the perturbed transformer may flip from being active to inactive. We use the same assumption

that o < 45 d by to that this will happen with probability at most ¢, and thus diag(/ [M Thy +T >
O]) — dzag(I[MTbt +T > 0]) = 04(p;+1)x4(D;+1) » and thus the first term will be 0.

Moving to the second additive term, we have with probability 1 — §

eI (F — F) diag(I[MTb, + T > 0] )H

é
< 1GF llzce < lIGrllv2 < llerllie < 0y/4Ds + DR, 4Dy +1)

1
~ ZUD]?

For the last term, recall that all but the last column of F' is 0, we have
3
eI FT diag(I[bM +T7 > o])H < ||Fll12 = 4Ds\/4(Ds + D)I[i = d+1] ~ 8D} I[i = d + 1]

Using this, and combining our bound for ||b; — b;|| < 4od from we have

~ 1 3
HVMGt,i ~ VG|, 520D +320dD} Ifi = d+1]

Therefore J
T+1d+1
9T (X,0)
>3 | T8O g6, - v,
t=1 i=1 20
d+1

< 4w?log(T Z ||be]]|[e

T(F — F)Tdiag(I[MTb, + T > 0])”
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dt1
+4w?log(T) Z [|br — bs
i=1

el F diag(I[M"b, +T > 0])|

d+1

< 4w®log(T) Z (20D%)

i=1
+4w?log(T) (40 d)(8D?)
< 8odw2D%l0g(T) + 1280d\/(;log(T)D§

3
= 1280deZog(T)D]%

M.7 ||V:T(X,0) - VrT(X,0)]

We have for the perturbed transformer the following expression for the gradient:
T+1d+1

ViT(X,0) Zzaggj@ +Gri
t=1 i=1 2

We again decompose the perturbation in the norm of the gradient using the triangle inequality:
|ViT(x.0+0) - veT(X.0)|

T+1d+1

S22

t=1 i=1

dT(X,0) aT(X 0)
aGt’L oG

IT (X, 0)
G,

HVFGm

vaét,i — VrGy,; -

‘We just upper bounded both of the inter-layer derivatives, Lt

IT(X,6)  9T(X,9) and | 27(X.0)
8@1,,1, 9G t,i QGM

remains to bound the perturbation in the intra-layer gradient. We show in T3] that
3
[VrGil| S 8DfIli=d+ 1At < w

The first sum becomes

S |9T(X,6)  aT(X,0)
;; 0Gy. Gy ; ‘HVFG“

a3 w
<8D2 > 1280 Djwlog(T)

t=1
7
= 10240 D} w?log(T)
Now, turning to the second sum, we have

IV£Gei — VrGyil|

< Hdiag(][]\;[T?)t +T> O})Fei — diag(I[M"b, + T > 0])Fe;

We again apply the triangle inequality, and apply our first-order (in o) approximation to the perturba-
tion, noting that the term involve the difference of indicators vanishes, assuming that o is small in the
sense of 211 Thus we obtain

||vfét,z’ —VrGeill ’

1)
< ¢rlle < lerllie < oy/4(Df + 1)R(ma4(Df +1)) = 20+/Dy

Putting this together, for the second sum we have

diag(I[M"b, +T > O])(ﬁ' - F)6d+1H

T+1d+1 BTX 9
;; ath Hv GtZ_VFGt’L
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d+1
< 4y/wlog(T) Z HVfét,i — VrGhi »

<4\/>log (20\/7) (d+1) ~80D flOQ( )d

Putting the two sums together, we have
|VeT(x0 40 - viT(x0)|
z 1
< 10240D}w?log(T) + 80D} Vwlog(T)d
We follow the same overall flow as the previous two gradient calculations. We showed in[I5]that

IV rGall < 1(MTb, +T) _efil| S 2y/DyI[t < w]

In addition, we note that

IV 5Gti — ViGyil|r

< |@178 + 1) el = (b + 1) || = || @17+ 1), - (a7 4T
Using the triangle inequality, we have

S || T+ T) = (M0 + 1) | + || (M7 B b0)

Where we have used the 1—lipschitzness of the max function. It was shown in [21]that
~ ~ 1
(M7 = M), + (T =T)[l2 £ 40D}
~ ~ 1 .
and it is easy to see that HMT(bt - bt)H < V4(Ds +1)|[by — b|| £ 80D} d . Thus we obtain

|V#Gei = ViGui| 540D} +80Djd~ 80D}

Putting this all together, we get

HVFT(X, 04 ¢) — VpT(X, @)HF

<Tii T (X, 0) aT(X@ T (X, 0)
%t 1 i=1 aG“ oG 0G1i

< (1280D wlog(T )(Q\ﬁ) (d + 1)w + 4v/@log(T (4af+80D2 ) (d+1)
~ 2560D]? w3d + 320D]?w2d2

HVFGt i

+
F

Hvﬁém — VG .

M.9 Final Result for Perturbed Gradient Norm Bounds
Putting this all together, we have that
IV6T(X,0) ~ VeT(X,0)||
< 12820 D3wlog(T) + 1920vwD?  +128v2D3w?log(T) + 64v/2dDjw?log(T)

Ve =Vl Vs @ =Vl Ve =Vl ||VV(1)—VV(1>H

+1280dw*log(T)D? + 10240 D wilog(T) + 80 D2 v/alog(T)d + 2560 D w>d + 320 D3 wd?

IV yr =Vl [IVe=Vrl| IVs—VrFll

o(aD?w%log(T)Q)
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N Perturbed Hessian Norm Bounds

Theorem 29. Given our transformer construction, a set of o — normal perturbations €, and a corre-
sponding set of remainder perturbations ( (as defined in ??), the oeprator norm of the perturbation
to the hessian Hessian obeys:

IVET(X,0+¢) = VET(X,0)|| £ Hy(o,w, Dy, T, d)

where .
H,(o,w,Dy,T) € o(UD?w%log(T)%)
Combined with our bound on the operator norm of the exact hessian in[I7} it follows that
IVET(X,0 + Ol < IVET(X, 0)[| +[IVET(X,0 +¢) -~ VET(X, 0)]]
S Hy(w,Dy,T,d) + Hy(o,w, Dy, T, d)

Proof. We calculate the perturbations in the Hessian norm by calculating the perturbation in each of
the 6 non-zero terms contributing to the Hessian norm, as presented in the previous subsection. We
illustrate the overall approach with an example. Suppose we want to upper bound the perturbation in
the hessian norm contributed by the perturbed second derivative V?m} T (X, ©) The perturbation
in the hessian is given by

Vi ([VouT(X.0)],) - Var([Vve T(X,0)],)

THld+! {V\”/(z)T(Xy é)} .
= - iV ,7Gri —
t=1 j=1 8Gt,j

Recall that the i*" row of V2 o, T(X,0) — V2, ., T(X,0) is equal to

{VVu)T(X, 6)}
0Gy ;

VG

Vee (vM ([vf,m’r(x, @)]i) - VM([VV@)T(X, @)]Z,))

for a fixed 7. So the contribution to the overall operator norm of the perturbation in V?m?(z) T(X, (:))
is given by

2 Hmllaz(l concat(sy,...sq41)" (V%V(Q)V@)T(X, ) — V%MWQ)T(X, C:)))concat(pl, ey Pd+1)

d+1

<23 s Vee( Vi (Vo T(X,0)],) = Var ([Fv T(X, 0)],) ) Il
sz
<233 fsil[ef Vi ([Vow T(X.0)],) = e Var ([T T(X, 0)), ) 1191
i=1 k=1

Note that the s; and p; here are different from the s; and p; involved in calculating the unperturbed
hessian, and even different than the singular vectors involved in the calculation of the overall hessian
perturbation (as opposed to the operator norm of a sub-matrix within the overall Hessian). However,
since the only thing we care about is that these vectors and all projections onto different subspaces
of coordinates) have a 2-norm that is upper bounded by 1, we use the same notation. We refer to
the contribution of the perturbation of a given sub-matrix to the operator of the overall Hessian
perturbation as Are,.,,, where Term; is the term corresponding to the given sub-matrix in

Ultimately, we will use the triangle inequality to conclude that

[varx6)] < [vaTx.o)| + [vaT(x.6) - viT(x )|

< |vaTix.0) + 26: Aterm,
i=1
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N1 Arerm,
Recall from[17] that

Term; =2 |ID\?X1 concat(sy,...sq11)" (Va,@)v(z)T(X, @))concat(pl, ey Pd1)-
7)

Recall our formula for [Vv(z)T(X, @)} = (G;ﬂ-)Tgb(Tle from Whereas in the exact hessian
case, G ; is independent of all parameter2 matrices (since the first d columns of G, like X, encode
purely positional information), in the perturbed case G. ; may in fact depend on the perturbations of

some of the parameter matrices. To handle this more general case, we will use the product rule:

Vive ([VV@)T(X, é)L) = Ve <(é:,i)T¢~5§?}rl) Z Vive ([0501],) Grit Vipe (Gei) [0514],

In this case, the perturbed MLP output G .,i does not depend on the (downstream) parameters W(Q),
and V32 ( )ng 11 = 0. It remains to calculate VW(2> (¢~>T2 +1) C;’ . Recall from. (specifically,
in the derivation of V3, )\, T (X, 0)) that Vi) [¢T+1]t = grii€; ¢T+1G and thus we can
write the perturbed Hessian as:

T+1 T+1

Vi ([ 7o T(X,0) } ) Z Vive ([ ¢§~211] Gt = Z Grigrel ¢T+1

t=1

T+1

Vi ([Voo TX.0)] )-Viwe ([FvaT(x.0)] ) = ZGt el 32, G—Gyigri1el 60,G

i

T+1

~ Z Gt ng+1 Gy ng+1)6t ¢1£2) G
t=1

T+1
+ Z Gy A9T+1€6 (Qslj(“i_)l ¢/1£i.)1)

T+1
+ Z Gti9T4164 ¢T+1(G G)

t=1

We can decompose the contribution to the perturbation of the overall hessian using the triangle
inequality:

d+1 w d+1
9 =
Brerm €23 323 s |GuGrens [ ef 621G = 6w
=1 t=1 k=1
Termy
d+1 w d+1
/(2) /(2
+2ZZZ|32 |GG, kH = ((/57(“+1 T(+)1>GHHPkH
i=1 t=1 k=1
TermlII
d+1 w d+1
+23 3N sil|Gran1Gritas — GrariGria d+1H ey ¢T+1GH||pk||

=1 t=1 k=1

Te'r‘mUI

First, WeboundTermI.By we have H ¢T (G =G) H < 2||G — Gl|2.00 S 80d. Thus

d+1 w d+1

Termr S 80d||Glf oo Y Y D Isilllpx|

=1 t=1 k=1
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< 8od’w
For T'erm y, we note that He?(q%@l %QH GH HGT ¢T+1 d)%il)et
2
= 116200 (872, = #2)er

S 384v20 D%/wlog(T)

2
<167 la | (372 -

¢T+1)et

It follows that X
Termrr S 768\/§Uchw5dlog(T)

Finally, for T'erm;rr, note that

‘Gt,dJrlGTJrl,dJrl — Gt a41GT41,d4+1 ’

= ‘Gt,dﬂ (Gri1,a41 — GT+1,d+1)‘ + ‘(Gt,d+1 - Gt,d+1)GT+1,d+1‘

<2||G - G|z, < 640DF

Therefore
d+1 w d+1
A A T ,/(2)
Termprr =2 E E E |8:||Gt.a1GT+1,d41 — Gt,d+lGT+1,d+1H ien ¢T+1GH||Pk||
i=1 t=1 k=1

< 128v20dwD3
Putting this all together, we have

A7erm, < 8od*w + 768\/§0D?w%dlog(T) + 128\/50de;
R~ 768\/§0D?w%dlog(T)
N2 Arerm,

Termg = 2 ”mﬁaux1 concat (s, ...,5q41)" (v?wv@) T(X, @)) concat(ny, ...nd+1)

Recall that
Voo T(X.0)] =676,

And note that this expression is very similar to T(X, ©) = (V)T GT ) 1, except that the V(?)
has been replaced by el. We can therefore follow the derivation of V7 (X, ©) in|15|to conclude

that

oI am i)

—— =g gi)g?_),_leTe] + e, 6T+16TGT¢;(,2) G(W(2 )

0G:;
¢T+1 i =]+ el Gy @ GWO)Te;I[t =T +1]
We have fromthat
VmGri = bie] FTdiag(I[M"b, +T > 0])

Therefore

Vi ([Voo T(X.0)] ) = Vg (FGTd1,)
T+1d+1 3(62,T@Té§?jrl)

_ VoG
0G4 M

t=1 j=1

We can decompose the perturbation as:

9a ([0 705.8)] ) - T [T 750
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man o(FGTHR ) o(eFaTol,)
2 Sl TR
FREE 6( TGT(bT“) 8( TGT(bTJrl) )VMGt,H‘jil(ga(eiifGTjgrl)<VJVIét,i_VMGt,i>

~ Z Z aGm B 0Gy ; ol

t=1 j=1

Thus
d+1 T41 d+1 3( TGT¢T+1) i 8<6;GT¢¥11)
Arerm, = max Z Szvec( ; ; TG, VG, — BT VMGm)T]
dtl  d+1T+1d+1119(el GTo ) 9 eZTGT(b(Q)
<D olsld DY ( 7T+1) Vi Gri — ( oG 4T+1) VGl |llmell
i=1 k=1 t=1 j=1 tu 12%]
d+1  d+1T+1d+1|9 TGT¢(2) o eiTGTqS@)
< Z |Sl| Z Z Z ( T+1) _ ( aGt 'T+1) ‘HVMGM anH
i=1  k=1t=1j=1 t,j J
Terma
d+1  d4+1T+1d+1 3( TGT¢§?3_1) Hv . .
- a~ t,ai MYt Tk

DI

i=1 k=1 t=1 j=1

Termp

In the above series of inequalities, we used Cauchy-Schwarz and the triangle inequality multiple
times. Now, we derive the ingredients needed to evaluate the RHS above. It was shown in [15|that

VG, = bee] FTdiag(I[M"b, +T > 0]),

and that the norm of this intra-layer gradient term can be bounded as
3
HVMGM- S8DII[i=d+1At<u]

In[26] it was shown that
a(T(X, é)) a(T(X, @)) )
— =V T(X,0) -V, T(X,0),e411)| S 1280Dj2cwlog( )

aét’d+1 8Gt,d+1
We can follow similar arguments asbut with V() replaced with ¢;, and conclude that

8( TGT¢T+1) 8( TGT¢T+1)
8Gt,d+1 - 8Gt,d+1
Note that this differs from the perturbation in the gradient in only by a factor of y/w, as expected

< 1280 D7\/wlog(T)

since V(2) was carrying this factor. Thus
d+1d+1 w

Terma=3> 33 |si (128013;\@109@)) ( f) [mll = 10240:(d + 1)D 2w log(T)
k=11i=1 t=1

We now move on to T'erm . In[28] we showed that
1 3
20D% + 320dD} Ii = d + 1]

HVMGM‘ — VG . S
Finally, we can make a similar argument to but once again replacing V (?) with e;, to conclude

that
lea] + 4log(T)I [t:T+1]+4w%log(T)I[t§w]

1Vg,el GT O] <
g T—‘rl‘ f

72



Summing over ¢ € [T + 1], we have
T+1
~ ~ 3
S IVa eF GTOE N <1+ dlog(T) + 4w log(T) ~ 4w log(T)

t=1
d+l dild4l )
Termp < 22 |si] ZZ <4wﬁlog(T)) (ZO'D? +320dD2I[i =d+ ])||T]k||
=1 k=1j=1
d+1  d+1d+1
a-+17) ]

= 8wilog(T) Y 15l 3% (2aD2 +320dD? I[i =

i=1 k=1j=1
d+1 d+1

— 8wilog(T) ZmZ (2(d+ 10D + 320407 ) |

=1

< 8w log(T)(d + 1)( (d+1)oD7F + 32adD§>
~ 2560w d® D2 log(T)

Putting T'erm 4 and T'ermp together, we have

ATermy S 10240dD 2w log(T) + 2560w d® D2 log(T)

N3 Arerms
Sd+1)T (V%wz) T(X, @)) 71

Terms = 2 max concat(sy, ...,
[lv]]=1

We follow the same approach as Terms. We have
d+1l  d+1T+1d+1 3( TGT¢g?J)rl

Terms — Terms 522\5 |ZZZ

=1 k=1 t=1 j=1

[Imel |

) 6(62‘TGT¢§“2-)H>

B 9G. HVFG“"

Terma

el |

d+1 d+1T+1d+1 a( Ty T¢T+1)

LD IDBSD

i=1 k=1 t=1 j=1

|VeGi = ViGus

Termp
In[T3] we showed that
3
[IVrGil| S 8DfI[i=d+ 1At < w]
In addition, 28] tells us that ~
va‘Gt,z — VFGt,iH S 20’\/ Df

a(efé%ﬁl) a(ezcw;ﬁl)
] - HVme

earlier in

t,J

Combining this with our previous bounds on

this section, we have
d+1 w d+1 .
Terma < 2lsanl > 3 (128003 Veslog(T) ) (87 ) I
k=1t=1 j=1

I3
< 10240 D} w2log(T)

d+1 d+1d+1

Termp <43 [s: 33 (1 + 4log(T) + 4w%zog(T)) (201) )Ilnkll

=1  k=1j=1
3 1
~ 320w? D} dlog(T)

Putting T'erm 4 and T'ermp together, we have
7
ATerm, 5 10240D3wElog(T)
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N4 Arerm,
Termy =2 IIIS\?XI concat(sy, ..., 5q41)" (V%V(Z)T(X, @))concat(ul, - V4(Dy+1))
In[T3] we showed that
IVrGill & 2/ DslIlt < ]
In addition, 28] tells us that
- 1
H‘7"(;ti_"7F(hﬂ|‘§ 801)2d

6( TGT¢T+1) 8( TGT¢T+1>
B aG,

d+1 d+1T+1d+1

Arerm £2) 18D D D

i=1 k=1 t=1 j=1

HVec(Vme)

el
[2%]

Terma

d+1 d+1T+1d+1 a( TGT¢T+1 ‘H

DI

i=1 k=1 t=1 j=1

€C ‘7 (;tz_"7FChz

) [l

Termp

d+1 d+1 w d+1

Terma <2Z‘51‘ZZZ(1280Df\/709 )(2\/7)H77k\|

=1 k=1t=1 j=1

5
< 5120d* D} w?log(T)
d+1 d+1d+1

Termp < 2 Z s Z Z (1 + 4log(T) + 4w%log(T)> (80D%d)|\77k\|

i=1 k=1 j=1

< 640D log(T)d”

Thus
Aterm, S 5120d>D3wiog(T) + 640w’ D2log(T)d?
~ 5120D§w%d2log(T)
NS Arerms
Terms = 2 Hmﬁzz(l AT (V%F’T(X, @))concat(yl, s Va(Dy41))
=2 ﬁ?ﬁ concat(vy, ..., V4(Df+1))T (V%FT(X, @))’yl
Recall that
d+1 w
[VFT(X, @)} = theiT (MTbt + I‘)+e£ej
0]

b
I

1t

Il
-

To obtain V%fT(X , (:)) in the perturbed case, we once again modify the unperturbed hessian to
account for the fact that the final derivative in the perturbed case depends on more than just the last
dimension. We start with a generalization of the perturbed gradient, noting that in the unperturbed

aT(X,0)
case, we had Crans =
d+1 w a ~
[vﬁfr( } D) P a )TV Gores
k=1t=1
d+1 w
T (X, 5}
{Vﬁ ] Z By ) (MTbt-I-F) ere;
R t.k
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N
([(M ) bt + PZD +
Taking the derivative with respect to r yields

V- ([v T(X,0)], ) Z%JW}&H»O}

b t,j

We have used the fact that BT(X O) is determined by the portion of the transformer downstream of

the MLP; namely, the second attentlon layer. Therefore it is independent of the MLP and constant
relative to I', and can be taken outside of the derivative. We then upper bound the difference as

ATermg, S

4(Dy41) d+1 w
> ZZMW@(W(‘X .6) I[MiTl;t—kf‘i>0]—%6J[M?bt+f‘i>0]) 71
i=1 j=1t=1 t,j

4Dy+1) d+1 w d+1 ~

OT(X,0)  ~ps = oT(X,0
Z ZZZ| ZJ|I ¥I[M1Tbt+rz > 0]—%I[bet+l‘z > 0] |'Ylk|
i=1 j=1t=1k=1 t,j t,g

4(Df+1) d+1 w

= 2 DD Il

8T X, @) aT(X,0)

[Mfgt+f‘z>0] —

G, I[M by + T > 0] ||yl
i=1  j=1t=1 !
4(Df+1)d+1 w
aTX@ ~ 7y =
Z S Iyl )( [bet+ri>o]—I[M?bt+ri>0}) 7]
i=1 j=1t=1

Terma

4(Df+1) d+1 w

2D Il

i=1 gj=1t=1

(87’ (X.6) IT(X,0)

T .
S JI[MT by + T > 0]

V14l

Termp

Where the last inequality follows from the triangle inequality, and the fact that we are approximating
the perturbation using only terms that are first-order in 0. Once again, we use the fact that with
high probability, none of the neurons in the MLP will flip with high probability to conclude that

Terma = 0. Clearly, [1[M7b; +T 2 0] | <1, and thus

4(Df+1) d+1 w

Termp < Z ZZ'M

=1 j=1t=1

aT X, @) _9T(X,0)
9G,

| 11‘

In[26l we show that
T (X,0) IT(X,0)

< 1280 D3wlog(T)1[i = d + 1] + 7680 D3w 2 log? (T)I[i < d + 1].

8@15,1' aGt,i
Therefore,
AT@’I"’H’L{, = TeTmB <
Mf”i:'V |aTX@) oT(x.0)| +4([§1)§:§: |oTx.6)_oTixe)
i=1  t=1 ne sd+1 9Gt,a+1 o i=1  j=1t=1 7 Gy ; 9G4 o

T I 5 1
2560 D} w?log(T) + 15360 D} w2 dzlog*(T)

~ 153(SCTDJ%Wg d?log? (T)
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N.6 Arermg
Recall that

Termg = 2 Hrnl?x1 concat(ny, ..., Mas1)" <V%M7'(X, @))concat(ul, s Va(Dy41))

We once again re-derive the hessian under the assumption that the output depends on all dimensions
of g;. By the chain rule, we have the following for the perturbed gradient with respect to M :

d+1 w
=33 OT(X.0)5 et FTdiag(I[MTb, +T > 0])
k=1t=1 oG 2

d+1 w
— [vaT 0] =3 > Ot g1 1178+ T > e,
k=1 t=1 Gk

where ¢;,ex € R, ¢; € RYUPsFY). The partial derivative 2LES)
t,k

is independent of F, and
therefore the gradient with resect to F' is given by:

Vﬁ([v y } ) ji:;zw; T X @ (e?gtefﬁTdiag(I[MTEt +T > O})ej)

We again leverage the rule of matrix calculus that says ﬁ (a:TM y) = zy”, we have

d+1 w
Vi ([VaT(x.0)] ZZM Thenel diag(I[MTh, +T > 0])

g k=1t=1 t,k

We can decompose this perturbation as follows:

Vi([vaTx0)] ) - ve([vuTx @) )

Y. /0T(X,0) OT(X,6
Z( ( )_ ( )

- ~ elvrerel diag(I[MTh, +T > 0
3Gy r 8Gt,k )Z t€LE; g( [ t ])

+ el (b — by)ere] diag(I[MTb, +T > 0])

d+1 w =~
=> 3 97X, ©) (eintekedemg(I [MTb, +T > 0]) — diag(I[MTb; + T > 0] ))
=1 9Guk
Note that once again we argue that for o small in the sense described in 2] the final sum will vanish.
In the first sum, note that since the first d dimensions of the unperturbed attention outputs b; are all 0,
the summand vanishes when ¢ # d + 1. To bound the norm of the perturbation, we apply the triangle
inequality:

AR IT(X,0) 9T(X,0)
A ermeg S s ~ ’
T ;;;Wclﬂy aGtk Frem (el |
d4+1d+1d+1 w (9 X @
#3003l T2 [
i=1 j=1 k=1 t=1

We once again use 26}

9T (X,0) 0IT(X,0)
(%:‘m 8Gt,i

< 1280 Djwlog(T)I[i = d + 1] + 7680D§w%zog2(T)I[i <d+1].

we also leverage our bound from [24] that says that

IV, T(X,0)|| < et + 4v/wlog(T)I[t = T + 1] + 4wlog(T)I[t € [w]]

76



Plugging these bounds in, we get

d+1 d w d+1 w
3
Atermy < 1680 D3w21og>(T) Y Y Y~ Inasrllvl [+1280 D3wlog(T) > > nata jll|vasall
j=1k=1t=1 j=11t=1
d+1d+1d+1
—|—4w2log Z Z Z 7551 bt = | [|vcl|
i=1 j=1k=

< 7680chw%dlog (T) + 1280wa2d5log(T) + 160w2d%l0g(T)
~ 7680 D3w i dlog?(T) + 160w?d2 log(T)
N.7 Final Result for Perturbed Hessian Norm Bounds

Putting these together, we have

2 3 3 o3 3
768v/20 D%w? dlog(T) 4 2560w? d D3log(T)+10240D ¢ wzlog(T)

ATermy ATermy ArTermg

+5120D 2w dlog(T) + 15360 D wl d log?(T) + 7680 D3w? dlog?(T) + 160w d? log(T)

ATermy ArTermsg ArTermg

5
O(O'D;LUEZOQ(T)%)

O Chain Of Thought

Theorem 30. Let T € N. Let f1,...,fr where fi(x1...27f1... fi1) = @jgixj. Let

@/C;(oz, B) be the solution returned by the general learning procedure on the training set of size m
Jjointly consisting of these functions using regularization parameters o, 3, and let §cor (v, B) be the
expected final error for a chain of T' auto-regressive steps using the transformer parametrized by
@/C; to solve the Parity Task of length T'. Then there exist regularization parameters acor, Boor
such that

dcor(acor, Beor) < Boor(o1),
where

w7 (26, (1,2)+P(01,1,2 T)) £@.21)
— A2 y Ly 2
Beor(o1) i=Te  s=7e ™ ( REI

and o1 is the o that minimizes the generalization bound.

In contrast, Let (g-o\p («, B) be the solution returned by the general learning procedure on the training
set of size m consisting of only the inputs and outputs of the complete Parity task of length T,
i.e. the functions f(z1...27) = @ <1 ;). Let Sop(a, B) be the expected error for a single

pass of a transformer parameterized by 9/o\p(a, B) on the parity task of length T. Then there exist
regularization parameters aop, Sop) such that

dop < Bop(02),

where

mo? LQ,T,T
_%e e (QGU(1,T)+P(02,1,T,T))+<2T%,>

It follows that
Bg Te 822 (T 1)
T

In other words, our bound on the error for Parity increases exponentially with length when using the
one-pass approach, whereas using the CoT approach, the error increases only linearly with T.

Bop >
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Proof. First, we show the existence of a construction which recognizes PARITY perfectly using
a transformer that has learned a degree-2 boolean function, and therefore has low sharpness and
parameter norms.

Let T¢,7 be a transformer with context length 27" matching our main construction, except that the
positional encodings (and their dimension-reduced random projections) are cyclic with period 7.
For example, positions 1 and 7" + 1 have the same positional encoding. Note that the (pre-random-
projection) input vectors y; € RT+2 and W) € R(T+2)x(T+2) gti]1, despite there being a longer
context window now. Like our main construction, the matrix W) has all zeros in the final row and
column, so that attention patterns are purely position-aware. The pre-random-projection matrix W
however looks like one with just a single component of degree 1, containing only the current position.

We begin the CoT by passing the model the input of length 7" along with a CLS token, which has
the d + 1*" dimension for bit values set to 0 as described previously in our main construction. Thus
our input on the first step is z; ... 27CLS. Being that the T + 1" and 1°¢ positions are the only
ones with this positional encoding, the positional-identity map in W (1) creates an attention pattern
for position 7' + 1 which is uniform across those two positions, just as if we had a component of
degree 2 across those positions when using 7"+ 1 absolute positional encodings (in fact, we will use
this simulation argument later in the proof). from there, the transformer is exactly identical to our
construction, using Dy = 2 and w = 1. We read the final scalar output from the 7" + 1t" position,
and if the output is closer to 0 than it is to 1, output 0; otherwise output 1. We then write this output to
position 7'+ 2, and then repeat the process, considering the new current position to be 7"+ 2. In other
words, the input to step 2 of the COT is 1 ...xrCLS f1, where f1 = 0P x1 = x1. We then use
our transformer to calculate fo = f1 @ x2 = x1 @ 2, and so on. Applying this autoregressively,

we will have
fi(xl . $TCLSf1 ce fi—l) = @ Zj
J<i

We have shown that our transformer correctly outputs the parity of the input string using COT. it
remains to show that our bounds on the norm and sharpness for our construction for Dy = 2,w =1
still hold in this slightly modified construction. Note that our matrix W) actually resembles our
construction with D; = 1 in the sense relevant to the parameter norm: the first column of W (1) has
only a single nonzero entry. Thus the norm of the CoT construction will actually be smaller than that
of our main construction using Dy = 2. As for the sharpness, we might expect this modification to the
W) matrix to cause the perturbed gradients and Hessian to differ from the fixed-positional-encoding,
degree-2 construction. However, we note that all derivatives in our construction depend on W (1) only
indirectly, through the weights of the attention matrix, ¢;. Since we can simulate the exact attention
patterns of our transformer at timestep ¢ with a transformer with 7" 4 ¢ 4 1 fixed positional encodings
and our usual degree-2 construction, these two constructions will have the exact same Hessian and
gradients.

Therefore, there are regularization parameters acor, Bcor > 0 such that the general learning
procedure returns a solution O g with the following properties:

||és|| < L(1,2,T)
Tr<V2 [L( f@S+<)]) < 2G,(1,2) + P(0)

where L(w, D¢, T) € O(D? + ZOQ(T)QOJQD]C) is an upper bound on the parameter norm, and

Gu(w, Df) + P(0) € O(wD?) + o(aD?w2 (log? (T) + Dylog? (T))) is an upper bound on the

operator norm of the loss Hessian. According to our generalization bound, each time step has a
generalization error bounded by

1 2 L(1,2,T 1
Eeon(0.0m [L(fourd)] < 02 (Gu(l, 2) + 5 P01, 2,T)) + 2\/2m (% n lng)

To have an incorrect step in CoT after taking the argmax, the error in the output of our transformer on
that step must be at least 0.5. Setting the error to be at least 0.5 and solving for J, we have

2
2 L(1.2,T)
5s < - = (1—0 <2Gu(172)+P(a71,27T))) ST

78



When our bound is non-vacuous, we have o2 (2Gu(1, 2) + P(o,1,2, T)) < 1, and we have

om o, 2 L(1,2,T)
S (1 o (2Gu(1,2)+P(U,1,2,T)>) + =

m 2mo? mo? 2
==t T <2G (1,2)+P(a,1,2,T)) e (2G (1,2)+P(a,1,2,T))

< m 4 2mo” 2mo?
- 82 832

Thus, we can use a simpler form of the upper bound which approximates the above:

(2G (1,2) + P(o, 1,2,T))

o2 L(1,2,T
5s < 6_8%26132 <2Gu(1,2)+P(a,1,2,T>>+%

to bound the probability of the entire CoT having an error, we can use a union bound. Thus, the
probability of the final answer being incorrect is upper bounded by

2
o (2G1L(1,2)+P(a,1,2,T)) +ELED

dcor < Beor i=Te 57%¢
We compare this to our generalization bound for the solution learned by a regularized learner for
calculating parity of the full string of length 7" all at once. In that scenario, there exist (different)
A1, A2 a generalization gap bounded by:

1 2 L, T, T 1
Een(0,02)[L(foopte)] < 07 (Gu(LT) + §P(Ua LT, T)) + 2\/2m ((TQ) + l”g)

The probability of the final answer being correct in this one-pass approach is bounded by

maep (20 (1,T)+P(o,1,T, T))JriL(lzf;T)

dop < Bop :=e 57%¢
Note that in this scenario where the output is a binary, an upper bound on the probability of an error
is an upper bound on the expected error. If we compare our bound for CoT with this bound, we can
see that when using C'oT’, the expected error only scales with 7', whereas the expected error in the
one-pass scenario will scale exponentially with T. We know that G, is cubic in Dy = T, and P()

7
carries a factor of D 7. Meanwhile, the norm term L() carries a factor of T'. Therefore, assuming

m, Y, o are all held constant, increasing the degree by a factor of T" will exponentially increase the
upper bound on the expected error compared to §g, our upper bound on the error for a single step.

Mathematically, we have that for fixed o,

2
o me, (2Gu(1,T>+P<a,1,T,T>)+L“2+;T>
Bopes=? =e

2
%g(zau(l,z)er(a,Lz,T)) eazn ] 7

>e = — (B, esx2
- T( CoT

Thus

So far, we have left out one detail, which is that all three of the scenarios — a single CoT step, a full
CoT of length T, and a one-pass scenario — will have different optimal values for o. Suppose we let
o1 be the o that minimizes our generalization bound for CoT (and therefore also d¢,7), and let oo
be the o that minimizes 6o p. We write Bop(02) and B(o) for our bounds with distinct optimal o.
Then we can write

4

2
mo3 Lo
_m_ ) ,
m a (2Gu(1.T)+P(02,1,T T )
BOP(02)6822 =e 203

(20 (1,2)+P(02,1,2, T)) %)T
73

( Gu(1,2) + P(0,1,2, T)) + LO2D) g
exactly o1. Therefore we have

maz

m 2G.(1,2)+P(02,1,2 T))+M T
Bop(o2)es=? = (e =7 ( 203 )
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2
moy

L(1,2,T)
> (e P (2Gu(1,2)+P(02,1,2,T))+20%)T 1 m_

= T(BCOT(UI)G 527 )

Thus,
BCoT(Ul)Tes%(T_l)
T

Bop(o2) >
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

¢ You should answer [ Yes] , ,or [NA].

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

* Delete this instruction block, but keep the section heading ‘“NeurIPS Paper Checklist",
* Keep the checklist subsection headings, questions/answers and guidelines below.
* Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We claim to provide a new generalization bound that is non-vacuous under
reasonable conditions. As we show in[I] our bound is indeed less than 1 for m large. We
define non-vacuous to be not only that the bound is <1, but that this occurs for a sample
complexity that is better than what would be required for perfect function memorization,
which is 2. We show clearly that as long as 7' > 50, the sample complexity is less than
27, In addition, we claim to provide a new framework for bounding the generalization
gap of transformers on specific tasks using 1) an existence result by way of a specific
construction, 2) derivation of bounds on the sharpness and norm for said construction
3) derivation of bounds on the sharpness for a perturbed version of the construction 4)
a feasibility result showing with mechanistic interpretability that this the construction is
also feasibly learned through SGD, and 5) the assumption of a general learner that finds a
low-sharpness interpolator. We provided each of these ingredients in our paper, and they can
all be applied in other settings/constructions. Finally, we claim to provide an explanation
of why CoT works better than one-pass inference on the parity task. Our proof of the error
bounds shows that CoT’s error is upper bounded by a function that is exponentially smaller
than our upper bound for the one-pass approach. While our bounds may not be tight, the
fact that they are non-vacuous supports the idea that an exponential separation in the upper
bound corresponds to an exponential separation in the actual error.
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Guidelines:

¢ The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Yes, our limitations section describes two major limitations of our work, which
include the fact that our bounds on the perturbation term are likely not tight, and the fact
that our approach to bounding the trace of the hessian is not very scalable to larger networks.
We also suggest possible paths to address these limitations in the future.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: All of our theoretical results have associated proofs in the appendix. These
proofs reference other theorems and lemmas appropriately.

Guidelines:

* The answer NA means that the paper does not include theoretical results.
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* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: In our experimental details section, we describe the setup needed to reproduce
our experiments, including the exact architecture which is very close to a standard trans-
former, as well as the libraries for defining the model, and training it in parallel across 8
GPUs. We also describe clearly how to calculate the sub-gaussian constant for our bound.
And finally, we describe the minor differences in architecture between our mechanistic
interpretability experiment and our main experiment, so that this can also be reproduced.

Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer:

Justification: There is no dataset for our experiments, as we simply generated the bitstrings
used for training data on the fly, since it is so cheap. As of now, our code is not in a state that
it is shareable, as it contains fragments from several different versions of our construction
and architecture that still need to be cleaned up. But we do commit to releasing the code
for the final submission. Part of our reason is concern that somehow the code would not be
properly anonymized,

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: In our experimental details section in the appendix, we give a full description
of the hyperparameters used in our experiments. However these hyperparameters are not
necessary to understand the results.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: The only experiment with quantitative results in our paper is the empirical
generalization gap. For that experiment, we only had computational resources to train five
functions in each complexity class. We do include error bars in [/| which represent the
1 — o variations, where ¢ is the standard deviation of the empirical generalization gap for
each complexity class. Due to the very small sample size, we we do not have meaningful
information on statistical significance. If given more time to run more experiments including
more functions per complexity class, we will include statistical significance numbers as
well.
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Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

 The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: In the experimental implementation details section, we describe the exact
compute resources required for our experiments, and indicate that they took roughly 1 day
to complete on 8 A100 GPUs

Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: As a theory paper, our research does not rely on any human subjects or
personally identifiable information. In addition, since we are not providing a model or a
piece of code as our main result, there is no concern of using our paper for harm.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts
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11.

12.

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: We discuss the broader impacts in our Impacts section. Again, as a theory
paper dedicated purely to understanding transformers and their generalization properties
better, there is no concern about our results having a negative impact on society.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The paper does not pose any high risk for misuse. we do not provide a new
model for any purposes other than as a toy model representing the properties of traditional
transformer models.

Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
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13.

14.

15.

Justification: We do not use existing assets in our paper other than open source code libraries
that are standard in any machine learning task, such as pytorch.

Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: Our paper does not release any new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: We do not use any crowdsourcing of any kind.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
* Including this information in the supplemental material is fine, but if the main contribu-

tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
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Answer: [NA]
Justification: We do not use any crowdsourcing of any kind.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: We did not use LLMs in the development of any core methods for this paper.
The only LLM usage was for basic search on the internet and minor math-related queries
that were not central to the proofs or main results.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.

88


https://neurips.cc/Conferences/2025/LLM

	Appendix
	Detailed Exposition of Setup
	Detailed Exposition of Theoretical Results
	Step 1: Existence of a ``Good'' Construction
	Step 2: PAC-Bayes

	Experiments
	Generalization Gap
	Validating Low-Sharpness Interpolator Assumption
	Mechanistic Interpretability

	Result for Chain of Thought
	Further Discussion
	Implications
	Related Work
	Limitations

	Experimental Implementation Details
	Complete Construction
	(1), (1)
	Random projections for log(T) width
	(1)
	M,F, in MLP layer
	,
	Details of PAC-Bayes Bound derivation
	Comparison with Norm-Based Bound of Edelman et. al. (2022)
	Our Truncated PAC-Bayes Bound (Without Perturbation Remainder)
	Edelman et. al. for our Construction 
	Edelman-Style Covering-Number Bound
	Summary of the Comparison
	The Outsized Role of P(;)

	Gradients
	V(2)T(X,)
	W(2)T(X,)
	W(1) Bt,i:
	V(1) Bt,i:
	MGt,i:
	Gt,i:
	FGt,i: 

	Gradient Norms
	||V(2)T(X,)||F
	||W(2)T(X,)||F
	||MT(X,)||F
	||FT(X,)||F
	||T(X,)||F
	||V(1)T(X,)||F
	||W(1)T(X,)||F
	||W(1)T(X,)||F

	Second Derivatives
	2W(2)V(2) T(X,):
	2MV(2) T(X,):
	2FV(2) T(X,):
	2V(2) T(X,):
	2F T(X,):
	2FM T(X,):

	Bounding Maximum Eigenvalues
	Term1:
	Term2:
	Term3:
	Term4:
	Term5:
	Term6:
	Final Result

	Perturbed Gradient Bounds
	Some Useful Lemmas
	||(2) T(X,)-V(2) T(X,)|| 
	||(2) T(X, )-W(2) T(X, )||
	||(1) T(X, -W(1) T(X, )||
	||(1) T(X, )-V(1) T(X, )||
	|| T(X, )-M T(X, )||
	|| T(X, )-T(X, )||
	|| T(X, )-F T(X, )||
	Final Result for Perturbed Gradient Norm Bounds

	Perturbed Hessian Norm Bounds
	Term1
	Term2
	Term3
	Term4
	Term5
	Term6
	Final Result for Perturbed Hessian Norm Bounds

	Chain Of Thought

