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1 Introduction

The remarkable capability of ICL in Transformer-based large language models (LLMs) [1] has
sparked both empirical [2-10] and theoretical research [7, 8, 11-15]. However, the generalization
capabilities of ICL, particularly whether it can extend beyond its pre-training distribution, remain
unclear. For example, Garg et al. [2] empirically showed that ICL is relatively robust to distribution
shifts in several settings, as the performance of the Transformer closely matched that of the least-
squares estimator on linear regression tasks. Zhang et al. [7] shared a similar conclusion, showing
that while shifts in the features cannot be tolerated for a one-layer linear attention model, shifts
in the regression weights can be handled well. However, Wang et al. [5] challenged these views,
empirically demonstrating that ICL can only solve in-distribution tasks in general. These contrast-
ing views, combined with the lack of a theoretical foundation, highlight the need for a rigorous
characterization of the OOD generalization capabilities of ICL.

This work proposes a mathematical framework to demystify and quantify the OOD generalization
capabilities of ICL. We theoretically study ICL on a single-layer linear attention model with linear
regression, where the weight (or task) vectors are sampled from low-dimensional subspaces. This
setup enables us to quantify the distribution shift in the task vectors via the principal angles between
subspaces and to characterize the OOD test risk as a function of these angles. Then, we precisely
identify the conditions on the pre-training task vectors under which the OOD test risk is either
sensitive to or independent of these angles, thereby explaining both the limitations and capabilities of
ICL. Specifically, we prove that when the training task vectors are drawn from a single r-dimensional
subspace, ICL inevitably incurs test error as a function of the principal angle. On the other hand,
when the training task vectors are drawn from a union of subspaces, we show that ICL incurs a test
risk that is independent of the principal angles. Unlike the single-subspace setting, this result implies
that ICL can generalize to any subspace within the span of the training subspaces, even regions with
zero probability density under the training distribution. We hypothesize that this explains when ICL
exhibits OOD generalization: the testing task vector lies within the span of the training task vectors.

2 Problem Setup and Theoretical Results

Problem Setup. We study a standard ICL task of predicting the next token. For training, we
draw a feature and label pair (x;,y;) as follows: let each feature vector be x; ~ A (0,1;). For all
i € [n + 1], we generate each label y; € R as such:

yi =wW'x;+1n; where w~N(0,%,), i ~N(0,0%), (1)
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o > 0 is the noise level, and 3, € R?*4 is the source task covariance matrix, i.e., the covariance
of the training weight w, which we often refer to as the “task vector”. Then, given n + 1 paired
examples, we train the single-layer linear attention model in Equation (9) by solving Equation (10).
We use gypr and W™ to respectively denote the optimal model and weights according to this setup.
Then, our main goal is to investigate how distribution shifts in the task vector affect the test risk
of the optimal model gjrr. To this end, at test time, we draw a feature and label pair (x;, ;)
independent of the training data in a similar fashion: let each feature vector be x; ~ N(0,1,). For
all j € [m + 1], we generate the label §; € R according to each x; € R? as

Jj =w'x;+n; where w~N(0,%), n;~N(0,0%), 2)

and ¥, € R ig the target covariance matrix, i.e., the covariance for the task vector at test time.
Next, we give forms to 3, and X, to quantify the distribution shift from training to test time.

Suppose d > r, and let U, € R?¥" be an orthonormal basis for an r-dimensional subspace in R?.
We parameterize 3¢ and 32, as follows:

¥, =UU/ +¢-I; and X, =U,U; +¢-1,, (3)
where € > 0 is a small constant to ensure invertibility, and Uy, is parameterized as [16, Section 3.8]:
U; =0, cos(@) + U, 1 - sin(@), @)

and U, | € R4*" is an r-dimensional orthonormal basis is that is orthogonal to U . For simplicity,
we will assume all principal angles are equal, i.e., for all ¢ € [r], 8; = 6 for some 0 € [0, g] so that
© = 0-1,. Notice when § = 0, U; = Uy, and when 0 = 7, U; = U, ;. Hence, by parameterizing
3¢ and X, using U, and Uy, changing the value of 6§ allows us to control how aligned the testing
covariance ; is with the training covariance 3. In other words, & measures the distribution shift

from training to testing. Our goal is to quantify the OOD test risk of g in terms of 6.

Main Results. In Proposition 1 (available in Appendix B), we prove that even with infinitely
many samples, ICL with a single-layer linear attention model exhibits test risk with a non-negligible
dependence on the shift between the covariance matrices 3; and X, as measured by 6. This also
empirically holds for nonlinear models such as GPT-2 (see Figure 2), which demonstrates that ICL
is not inherently robust to subspace shifts. However, consider the following covariance matrices:

3, =U,U] +€-I; and =, =U, U] +e I, (5)

Then, instead of the training task vector in Equation (1), consider training garr on prompts with
labels y; = w ' x; + 1; whose task vector is drawn from a mixture of two Gaussians:

WNVN(O,29)+(1*’)/)N(0,2§7L), (6)

where ~ is the mixture probability. The following result states that this training procedure mitigates
dependence on 6, given that the prompt lengths are sufficiently large.

Theorem 1 (Test Risk under the Span of Covariance Matrices). Let g, denote the optimal linear
attention model corresponding to the independent data setting in Equation (1), where the task vector
now follows Equation (6) with v = 0.5. For all j € [m + 1], suppose that the prompts at test time
are constructed with features x; ~ N (0,1,) and labels

ﬂj:VVTXj—i—nj, where W ~ N(0,%), anN(O,az),

and 2, € R¥™ is from Equation (3). For any § € [O, g} and 6 € (0,71), we have

~ 2
lim _limE [(gmﬂ ~ Gire(24: %)) } =2 @)

m,n—00 e—0

This highlights an interesting property of Transformers: if the pre-training task vectors are drawn
from a union of subspaces, then ICL can interpolate to the space between the subspaces. In other
words, even if certain regions have zero probability density in the distribution over the training task
vector, ICL can still generalize to those regions at test time, as long as they lie within the overall
span of the training task vectors. We hypothesize this can explain why ICL can seemingly achieve
OOD generalization: the test data actually lies within the span of the training data. Due to space
limitations, we only present the main ideas and defer all other details to the Appendix.
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A Background: Single-Layer Linear Attention Model

The work by Ahn et al. [17] empirically showed many phenomena observed in vanilla Transformers
can be replicated in Transformers with linear attention. These findings motivated other works [7,
14, 15] to use linear attention as a test-bed for studying ICL. Following these works, we consider a
single-layer linear attention model for analysis. Let {x, y} € R% x R denote a feature and label pair.
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Figure 1: Overview of this paper. We consider two models: one trained with task vectors drawn
from a single subspace, and one with task vectors drawn from a union of subspaces. At inference,
we test both models using a task vector at an angle between two subspaces. The single subspace
model fails to generalize under distribution shifts, while the latter generalizes across all angles.

Given n + 1 paired examples {x;, yi}?:f, we construct the training-time input prompt as such:
. T

_ _ X1t - Xp Xp41 (n+1)x(d+1)

Z=\z, ... z, Z = eR

21 n o Znti] {yl cee Un 0 } ’

Following Ahn et al. [14] and Mahankali et al. [18], we employ a causal mask to the prompt to
ensure inputs cannot attend to their own labels:

Zyv=12z1 ... 2y O]T, where z; = [Xl} and z, = {X"H] . )
Yi 0
The goal of ICL is to leverage the in-context examples {x;, y; }_; in the prompt Z v to predict the
correct label y,41 according to the query x,; (equivalently z,). We input the prompt Z  and
query z, into a (normalized) single head linear attention model to make the prediction ¢,,41:

~ 1
Yn+1 = gATT(an ZM) = n (Z;—WQW};ZL) Z,Wyp, )

where W, Wgo, Wy, € R(4+1)x(d+1) are the key, query, and value weight matrices, respectively,
and p € R4*! is the linear prediction head. We denote W = {W g, Wq, Wy, p} as the collec-
tion of trainable weights corresponding to the linear attention model. We train the model gyrr by
minimizing the following expected squared loss with respect to the parameters WW:

r%n EATT(W)a where £ATT(W) =E [(yn+1 - gATT(Zq7 ZM))Q} . (10)
For inference, given m + 1 paired examples {x;, 7; };-”;11, we construct the input prompts as such:
ZM =121 ... Znp O]T, where z; = [;J} and Z, = [X"(‘)H} .
J

Then, the inputs Z M and Z, are fed into the trained linear attention model to obtain a prediction for
Um—+1. Specifically, let W* = {W73,, W5, Wi, p*} denote the optimally trained linear attention
model for minimizing the loss in Equation (10). We compute

_ s 1 57\ 7
Gt = Gin (g Zat) = — (2] WH Wi 21, ) ZuWirp*,

where we normalize by a factor of m instead of n. Doing so decouples the training and testing
prompt lengths, which allows us to analyze the behavior of ICL under different conditions.



B Main Results

This section presents our main results in detail to support those discussed in the main text. We
illustrate an overview of the setup in Figure 1.

B.1 Transformers Are Not Robust To Subspace Shifts

In this section, we consider the setup in Section 2, where we train a single-layer linear attention
model according to Equation (1), and test the (optimal) model with Equation (2). We prove that
even with infinitely many samples, ICL exhibits test risk with a non-negligible dependence on the
shift between the covariance matrices X; and X, as measured by 6. This result demonstrates that
ICL is not inherently robust to subspace shifts.

Proposition 1 (Task Distribution Shift). Let g3, denote the optimal linear attention model corre-
sponding to the independent data setting in Equation (1). For all j € [m + 1], suppose that the
prompts at test time are constructed with features x; ~ N(0,1;) and labels

U, =W 'x;+n;, where wW~N(0,%), nj~N(0,0?),
and Xy € R¥™? is from Equation (3). Then, we have

m—00 n—00 €e—0

~ 2
lim lim limE {(gmﬂ — gir(Zq, ZM)) ] = rsin®(0) + o2, (11)
where 0 € [0, 5| are the r principal angles between U, € RI*" and the test subspace U, € R4*T.

The proof is provided in Appendix G.1.2. We take ¢ — 0 for two reasons: (i) to eliminate any
dependence on € and isolate its effect on test risk as it is assumed to be a small constant, and (ii) to
ensure that the covariance matrices are exactly low-rank. Then, in the asymptotic regime, our result
reveals the following: when § = 0, the sin(-) term vanishes, allowing perfect recovery up to the
label noise variance. However, as 6 increases from 0 to %, the test risk increases with respect to 6.
At 0 = 7, the test risk becomes exactly the rank of the covariance matrix. Notably, this represents
the largest possible error in this setting, as a low-rank covariance matrix induces an error dependent
on the rank rather than the ambient dimension, as observed in related work [2, 19].

The analysis involves deriving the test risk under an arbitrary distribution shift, assuming the linear
attention model is parameterized by the optimal weights according to Equation (10). At the optimal
weights, the model reduces to a single step of projected gradient descent (PGD) [13-15, 18]. De-

noting A € R4*? as the PGD projection matrix that arises from the optimal weights, we sketch how
the dependence on 6 arises (assuming o = 0 for simplicity):

U1 = Girr (g Zpg) = %X; L AX Ty = %X,Tn HAXTXW (Substitute y = Xw)

— x:n_HUSUI\?V (Take m,n — oo and € — 0)

=%, U.U{ Usg, (W = Ugforg ~ N(0,1))

where X = [x1 ... xm]T cR™andy == [1 ... gm]T € R™. By taking appropriate

limits, it is easy to see that the dependence on § arises from U/ Uy, which reflects a rotation by
an angle 0 between the subspaces. Since A — U U/ in the asymptotic regime, PGD projects the
data onto an “incorrect” subspace, thereby inducing an error proportional to 6 in the test risk. Put
differently, in cases in which X; # 3, ICL can generalize only if R(X;) C R(Xs).

In Figure 2, we present experiments corroborating Proposition 1 on both linear and nonlinear Trans-
formers. Interestingly, our experiments show that both models incur the same test risk under the
distribution shift when given enough in-context examples. This implies that the linear attention
model can adequately capture the behavior in this setting, and that the observed error is not merely
an artifact of using a linear model. Lastly, we assumed equal principal angles between the subspaces
for simplicity, and defer the more general result to Proposition 2 in Appendix F.1.

B.2 Transformers Can Generalize to the Span When Trained on a Union of Subspaces

Previously, we observed that shifting the covariance matrix induces a dependence on 6 in the test
risk due to projection onto a misaligned subspace, implying that the training and testing data must
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Figure 2: Plot of the normalized test risk for OOD linear regression as a function of the prompt length
for a linear Transformer (left) and a nonlinear Transformer (right) under covariance shifts. As the
covariance at test time shifts away from the covariance used at training time as a function of 6, the
test risk exhibits a non-negligible dependence on 6 for both the linear and nonlinear Transformer.
Moreover, for both models, the test risk exactly matches the predicted risk from Proposition 1.
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Figure 3: Plot of the test risk for OOD linear regression as a function of the prompt length for a
linear Transformer (left) and a nonlinear Transformer (right). When the prompt length at test time
is large enough, the test risk goes nearly to zero for all § € [O, g], corroborating Theorem 2 in
that both linear and nonlinear Transformers can generalize to the span of the training task vectors at
test-time.

span the same r-dimensional subspace. This raises the question: are there settings in ICL where
the dependence on # can be mitigated? In the main text, we showed that this dependence can be
mitigated, roughly speaking, by introducing diversity into the training prompts. Specifically, we
showed that by drawing task vectors from a union of subspaces, the projection matrix can better
capture shifts in 6, allowing OOD generalization. In the following, we re-phrase Theorem 1 in the
same format as Proposition 1.

Theorem 2 (Test Risk under the Span of Covariance Matrices). Let g}, denote the optimal linear
attention model corresponding to the independent data setting in Equation (1), where the task vector
now follows Equation (6) with v = 0.5. For all j € [m + 1], suppose that the prompts at test time
are constructed with features x; ~ N (0,1;) and labels

U, =W 'x;+nj, where w~N(0,%), nj~N(0,0?),
and %y € R4 is from Equation (3). For any 6 € [0, %] and § € (0,r), if

(2(r+o0?)+1)r
)

m>n>

—(2(r+0%)+1), (12)
. ~ ~ g 2 2
then 15%11'3 [(merl = 9irr(Zq, ZM)) ] <o +4.

The proof technique is similar to that of Proposition 1 and is available in Appendix G.1.3. Moreover,
we can generalize this result to a mixture of K > 2 subspaces; see Appendix F.2. For Theorem 2,
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Figure 4: Left: Phase plot of the test risk as we vary the angle between 3, and 3, and the prompt
length with m = n for a linear attention model trained with a mixture of Gaussians. The test risk is
low across all angle shifts, and decreases further as the prompt length increases. Right: Plot of the
test risk as a function of the prompt length for a case in which 3, # 33; but with 6 = 0, following
the OOD example in Gatmiry at al [20]. This serves to explain why ICL can seemingly do OOD
generalization as observed in the literature.

we similarly sketch how 6 becomes mitigated in the test risk. Consider the case where § — 0, i.e.,
m,n — oo. Then, we can simplify the linear attention model as such (again assuming o = 0):

-~ x (5 7 T T & T T
Ym+1 = gATT(ZQ’ ZM) - Xm+1U2TU2rW = Xm+1U27‘U2rUtg7

where again g ~ A(0,1,) and Uy, = [U, U, 1]. Since R(U;) C R(Uy, ) forall§ € [0, 5], the
trained model perfectly recovers %,,,41. In Figure 3, we present results on linear Transformers and
GPT-2 that corroborate our theory. In both models, the test risk approaches zero for all § € [0, g] ,
meaning there is no dependence on 6. The only noticeable difference is the linear attention model
requires a longer prompt length to reach near-zero risk, which is also highlighted by our theory.

Overall, this highlights an interesting property of Transformers: if the training task vectors are drawn
from a union of subspaces, then ICL can interpolate to the space between the subspaces. In other
words, even if certain regions have zero probability density in the distribution over the training task
vector, ICL can still generalize to those regions at test time, as long as they lie within the overall
span of the training task vectors. We hypothesize this can explain why ICL can seemingly achieve
OOD generalization: the test data actually remains within the span of the training distribution.

C Experimental Results

Experimental Setup. Unless otherwise stated, the experimental setup is as follows: for both the
linear and nonlinear Transformer, we consider noiseless linear regression, and set d = 20, r = 5,
and e = 1075, To construct the train and test subspaces, we sample an orthogonal matrix U € R%*¢
uniformly at random, set U to be the first  columns of U, and set U, ; to be the second  columns.
Given this setup, we typically consider a mixture of K = 2 subspaces for the experiments.

For the experiments with the linear Transformer, we plug in the optimal weights according to their
respective settings (e.g., optimal weights using a single subspace or a mixture of subspaces) and set
m = n = 250. For the nonlinear Transformer, following Garg et al. [2], we use a small GPT-2
model with 6 layers, 4 heads, and a 128-dimensional embedding space. We append a learnable
linear transformation to map the vector predicted by the model to a scalar. We use a learning rate of
n= 10~%, batch size 64, prompt lengths m = n = 120, and train for 100K iterations.

C.1 More Results on Linear Function Classes

Linear Regression. Previously, we presented results on the test risk as a function of the prompt
length. In Figure 4 (left), we present a phase plot of the test risk as a function of both
Tr(X] %) / Tr(X,) (which measures the angle between two covariance matrices) and the prompt
length on linear attention with task vectors drawn from a mixture of two Gaussians. Similar to Fig-
ure 3, the test risk is low for all values of m = n, and it decreases further as the prompt length



(a) (b) (c) (d)

Figure 5: Visualization of the generalization behavior of Transformers for learning nonlinear func-
tion classes in-context. Each corner of a triangle represents a one-dimensional subspace spanned
by 11 (bottom left), 15 (bottom right), or 13 (top), with all possible convex combinations given by
the interior. In all cases, we show the risk when evaluated at different points in span({1, ¥, ¥3})
for the appropriate function space. (a) Train on prompts drawn from span({){'}). (b) Train on
prompts drawn from span({¥$'}) U span({1/§'}) U span({$'}). (c) Train on prompts drawn from
span({¢f1}). (d) Train on prompts drawn from span({t¥ }) U span({s#}) U span({y¥ }).

increases. Note that the largest possible normalized test risk in this setting is 7 /d = 0.25, so the test
risk is still considered low even when the prompt length is small.

In Section B.2, we discussed how apparent abilities of ICL to perform OOD generalization arises
when the test task lies within the span of the training task vectors. Here, we present an extra exper-
iment to support this claim, using the example from Gatmiry et al. [20], with d = 5, 35 = I5 and
3, = VA, VT, where V € R>*® is a random orthogonal matrix and A; = Diag(1,1,1/2,1/4,1).
In Figure 4 (right), we observe that the test risk approaches zero given enough samples. This im-
plies that our result may help explain many observations of OOD generalization in ICL and offers a
unifying perspective on findings reported in the literature.

C.2 Beyond Linear Function Classes

Finally, we demonstrate that the theoretical findings in Appendix B extend to nonlinear function
classes. Specifically, we look at two function spaces, namely L2([0, 1]) and L(R, e=*"/2 /y/27 dx),
i.e., square-integrable functions under the uniform and Gaussian measures respectively, which model
rich sets of signals observed in real-world data. For the former, we construct an orthonormal basis
via cosines, i.e., %S () = (1/v/2) cos(nmx) for n € N. For the latter, we construct an orthonormal
basis via Hermite polynomials:

—1)" dm —z2/2
()" e pdi(e 1)

N e for n € N.
n!

H
U (z) =
As described in previous sections, we consider two settings: observing instances of a single (one-
dimensional) subspace, as well as for a union of three (one-dimensional) subspaces. As before,
we draw the function coefficients from standard multivariate Gaussian. We draw the inputs from
the distribution appropriate to the function space measure, i.e., z ~ U([0,1]) for L?([0,1]) and

xr ~ N(0,1) for L(R, e=="/2 /\/2m dx). All other details are identical to previous (nonlinear)
Transformer experiments. The results are shown in Figure 5. As shown in panels (a) and (c) of
Figure 5, we see that Transformers are not robust to subspace shifts for either function class, with
increasing test risk with respect to the subspace angle from the train subspace, in accordance with
Proposition 1. On the other hand, as shown in panels (b) and (d) of Figure 5, we have the general-
ization behavior described by Theorem 3, where training on the mixture of subspaces results in low
risk in the space spanned by the basis vectors.

D Discussion

In this work, we analyzed the OOD generalization capabilities of ICL by studying a single-layer
linear attention model with linear regression, where the task vector was parameterized by low-
dimensional subspaces. We uncovered two key properties of ICL: (i) it is not inherently robust
to subspace shifts, and (ii) it can generalize to the span of covariance matrices if trained on a union
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of subspaces. We also provided insights into how LoRA can be used to model distribution shifts,
and showed how our findings extend to nonlinear function classes. One limitation of this work is
that the analysis focuses on single-layer linear attention, as in prior studies; a promising direction
for future research is to extend the analysis to multi-layer nonlinear Transformers.

E Related Work

ICL on Transformers with Linear Attention. There is abundant research on ICL that analyzes
single-layer linear attention models. Below, we survey several works most relevant to our work; like
ours, many of them focus on linear regression settings, where for all ¢ € [n + 1]:

Yi = f(xz) = WTXi + n, where w ~ N<Oda 2W) ) Xi N(0d7 2){) 3

and 7 is additive Gaussian noise. As previously mentioned, Zhang et al. [7] studied the training
dynamics of a single-layer linear attention model on the population loss for a linear regression
ICL task. Specifically, assuming 3, = I; and an arbitrary 3, they showed the model weights
converge to a globally optimal solution under gradient flow, despite the non-convex objective. They
also provide closed-form expressions for the model weights at the global minima. A follow-up
work [21] considered a linear regression task with w ~ N (tw, Xw) and a linear Transformer
model (a linear attention layer followed by a two-layer linear network). They showed a single linear
attention layer incurs a sub-optimal risk that depends on g, but adding a linear network allows the
model to achieve the Bayes optimal risk.

Other works [13—15,21-23] study the underlying learning algorithms that linear attention models
implement when learning linear functions in-context. Specifically, for a single linear attention layer,
Von Oswald et al. [13] demonstrated the existence of model weights that implement a single step
of GD on a mean-squared error loss. They further showed empirically that the weights of a trained
linear attention layer closely align with those that implement a GD step. Follow-up works [14,15,22]
rigorously proved the equivalence between a single step of preconditioned gradient descent (PGD)
with zero initialization and the weights of a single-layer linear attention model under the population
loss. Specifically, Ahn et al. [14] theoretically showed when ¥, = I; and X is arbitrary, the
single-layer linear attention model learns a preconditioning matrix that is dependent on 3. Li et
al. [15] generalized this result by considering an arbitrary X, in addition to 3y — they showed
the learned preconditioning matrix depends on both ¥ and 3. Finally, [21] showed when w ~
N (pw, Ew), a linear attention layer followed by a linear network implements a PGD step while
learning the initialization. While our work builds on the fact that a single-layer linear attention
model implements PGD, our goal differs from these prior works: we study how ICL under this
model can generalize out-of-distribution.

Empirical Observations on ICL’s OOD Generalization. As part of their study, Garg et al. [2]
empirically observed Transformer-based ICL is robust to a number of distribution shifts, such as
between the train and test distributions of the features x;, as well as between the features x; and
query x,. These observations inspired an extensive line of empirical work studying ICL’s ability
to generalize to OOD tasks [3-6,9, 10,24]. To our knowledge, [4, 5] are the most closely related
with our setting. Specifically, these works consider sampling tasks from a mixture of function class
distributions, e.g., f is sampled from the class of dense linear functions with probability v € (0, 1),
or from the class of sparse linear functions with probability 1 — . Yadlowskey et al. [4] showed
when Transformers are trained for ICL on a mixture of function classes, ICL cannot generalize
well to function classes not present in the training mixture. Wang et al. [5] argue if the test task
is not in the training mixture, Transformers select a task from the training mixture that minimizes
the test error. In contrast, our work assumes that the target function is sampled from a mixture
of low-dimensional subspaces in a fixed function space. In other words, the mixture distribution
from which we sample is always within a single function class. We emphasize this is different from
sampling from a mixture of multiple function class distributions.

Theoretical Studies on ICL’s OOD Generalization. The above empirical observations motivated
theoretical studies on ICL’s OOD generalization ability. Under their setting, Zhang et al. [7] studied
how a trained single linear attention layer handles various distribution shifts. Assuming the model
weights were at the global minima of Equation (10), they derived a closed-form expression for the
prediction ¥, for a given query x, and in-context examples (xl, W X1, X, wam). Using
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this expression for g,, they concluded a trained linear attention model is robust to task and query
shifts, but cannot tolerate feature shifts well.

Other works have studied nonlinear models and function classes. For instance, [8] considered a
binary classification ICL task. They showed a sufficiently trained single-layer, single-head Trans-
former model (one softmax attention layer followed by a two-layer perceptron) can achieve arbitrar-
ily small generalization error when the inference-time features are linear combinations of the train-
ing features. Another work [25] assumed the function to learn in-context was f(x) = w ' g(x) + 7,
where g(x) = (g1(x),...,g¢(x)) is an arbitrary feature mapping. They showed if w has iid, zero
mean, unit variance entries at train time, and ||w||2 is bounded at inference time, a trained single-
layer, multi-head softmax attention model generalizes well under any shift in w. Again, our paper
differs from these works by studying when ICL can and cannot perform OOD generalization, par-
ticularly by using low-dimensional subspaces to parameterize the covariance matrices.

Learning Functions with Low-Dimensional Structure In-Context. To the best of our knowl-
edge, the work by [19] is the only most related work that also considers learning functions with
low-dimensional structures. In their setting, the function to learn in-context is a single-index model
f(x) = o (w'x) +n, where () is a nonlinear link function, w is drawn from a low-dimensional
subspace, and 7 is additive noise. We only consider linear functions f(x) = w ' x + 7 in our anal-
ysis, but also assume w is sampled from a low-dimensional distribution. In our experiments, we
sample nonlinear functions from subspaces of the function space, which differs from sampling the
function parameters from a subspace of Euclidean space. Furthermore, our goal is to use such a pa-
rameterization to study OOD generalization, whereas the main focus of [19] is to examine whether
ICL can solve such functions at all.

F Additional Results

In this section, we present additional results to supplement those presented in the main text. All
experiments were run using either a Macbook Pro with an Apple M2 Pro Chip or a NVIDIA A100
GPU.

Appendix F.1 presents an additional theoretical result for Proposition 1 for when the principal angles
are different. Additionally, in Appendix F.2, we present another result where we generalize the
mixture of two Gaussians from Theorem 2 to a mixture of X > 2 Gaussians.

F.1 Result with Different Principal Angles

In Proposition 1, we assumed that all of the » principal angles between the subspaces U, € RZ*"
and U; € R¥*" were all the same, i.e., §; = 0 € [0, g], for simplicity. In Proposition 2, we relax
this requirement and present a result where the angles are not necessarily the same.

Proposition 2 (Task Distribution Shift with Different Angles). Let g}, denote the optimal linear
attention model corresponding to the independent data setting in Equation (1). For all j € [m + 1],
suppose that the prompts at test time are constructed with features x; ~ N(0,1;) and labels

T

Yy =W xj+1,;, where w~N(0,%,) and anN(O,UQ),

with covariance matrix ; € R¥™ from Equation (3). Then, we have

- 2 r
lim lim limE [(gmﬂ ~ Girelg:Zm)) } =Y sin?(0;) + 0%, (13)
=1

m—00 n—00 €e—0

where 0; € [0, 5] is the i-th principal angle between the train subspace U € R and the test

subspace Uy € RI*",
Recall that the test risk presented in Proposition 1 was rsin®(6) + o2. It is easy to see that if we set

0; = 0, then the test risk in Proposition 2 recovers the risk in Proposition 1, i.e., >_;_, sin?(6;) =
rsin?(6).
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F.2 Generalization Beyond a Mixture of Two Gaussians

We now discuss how ICL can achieve OOD generalization when w € R is sampled from a mixture
of K low-rank Gaussians forany K > 2. LetU = [u; ... ug] € R?*9 be an orthonormal basis

for R%. Assuming d > Kr,let Uy = [Up—1)pq1 --- Ugr| € R forall k € [K]. Note
UST’,CUSJ = 0« forall k& # [.

We assume the training task w € R is sampled as such:

K K
W~ Y - N(0,E, ), where B, =U Ul eI and Y =1 (14)
k=1 k=1
Then, let U; be an arbitrary orthonormal basis for an 7-dimensional subspace that lies in the span of
[USJ US’K],i.e.,

K K
U; = ZakUsﬁk for some {ag} i s.t. Z i =1, (15)
k=1 k=1
where the last constraint on {ay, }%_; ensures Uy is an orthonormal basis. Similar to the K = 2
~ =\ o =T .
case, we show when tested on W ~ A (0, Zt) with 3; = U, U, + € -1, the trained model can
generalize to this previously unseen subspace Uj.

Theorem 3. Let gj;r denote the optimal linear attention model corresponding to the independent
data setting in Equation (1), where the task vector is drawn from Equation (14) with y, = % for all
k € [K]. Forall j € [m + 1), suppose that the prompts at test time are constructed with features
x; ~ N(0,1;) and labels

Ui =w'x;+n;, where W~N(0,%;,) and 1; ~N(0,0%),

- o K
where Xy = UtUtT + € - 14 and Uy is defined in Equation (15). For any {oy}f_ | s.t. > af =1
k=1

and 6 € (0,7), if
(K(r+0?) +1)r
)

~ 2
then lim E [(y — Girglg, ZM)) ] <044

m>n> — (K(r+0?)+1), (16)

The proof is deferred to Appendix G.1.4. Similar to Theorem 2, if the linear attention model is
trained on task vectors that lie in a union of K subspaces, it can generalize well to any region within
the span of the K subspaces, even if those regions have zero probability density during training. We
note setting K = 2, a; = cos(6), and as = sin(6) perfectly recovers Theorem 2.

G Deferred Proofs

This section presents all deferred proofs and is organized as follows: Section G.1 contains all proofs
related to shifts in the task vector w € R¢, and Appendix G.2 provides auxiliary results used to
support both the task and feature shift proofs.

G.1 Proofs for Task Shifts

G.1.1 Supporting Results

We first derive an expression for the test risk under a general distribution shift for the task vector.

Lemma 1 (Test Risk under General Task Distribution Shift). Let gj;; denote the optimal linear
attention model corresponding to the independent data setting in Equation (1). For all j € [m + 1],
suppose that the prompts at test time are constructed with features x; ~ N (0,1;) and labels

Ui =w'x;+m, where W~N(0,%;) and n; ~N(0,0?).

13



Then,
~ r -~ B 2 M m+1
E |:(ym+1 — g“v:,-(Zq, ZM)) ] = Mt —Tr (EtA) + # Tr (ATA) —Tr (EtA) + T Tr (AEtA) 5

where M; = Tr (X;) + o2

Proof. Recall at inference time,

-
5 = . T X1 ... X, O S | Xma1] | Xq
Zv=l|21 ... Zm 0] _[gl B 0] and zq—[ 0 }._[0]. a7

Then, let us define

T ~ o~ ~ 1T T
Xie=[X1 X2 ... Xm] , Yee:=[U1 Y2 - Um] , Me:=1[m M2 -..0m] ,

and 14 := 7p,41. Note y;e = X¢eW + My¢e. By Lemma 2, we have

- 1 1
i3, Z0) = o] AX Ly =] (-AXLyi ).
—_———

=W

where A = (221, + e3)) ~!. By plugging this into the risk and linearity of expectation,

E[(W %, +mg = Wx)"| =B [(%7x, +10)"| 2B [(W %, +n,) (x] %)] + E[(#7x,)°].

() ®) ©)
(18)
It suffices to analyze each individual term.

Analyzing (a). We first evaluate E {(VVTXq + nq)ﬂ. First, we note
E[(% %+ )] =B [(W7%,)°] + 2 [0, x,] +E [n2] = E [(%7x,)"] + 0%,

so it suffices to analyze E |:(V~VTXq)2}. By law of total expectation and the fact that W, x, are

independent,
E[(%7x,)"] = Ew [Bx,[(%x,)" | W]].
Conditioned on W, W'x, ~ N(0, |W||?), so E [(WTXQ)Q m] = Var (W'x, | W) = |W]?2.
Therefore,
Ee (B[ (#7,)" |¥]] = B[I¥]2] = Tr (B [Ww]) = Tr (3).
Therefore,

E {(‘X’qu + nq)Q] = Tr (%) + o

Analyzing (b). Next, we analyze E [(W'x, +74) (quvAv)] We first note

E[(W'xq+1g) (x, W)] = E[(Wx) (% W)] +E [ngx, W] =E[(W'x,) (x,W)],

=0
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so it suffices to analyze E [(W'x,) (x,; W)]. Substituting w := ZAXy;c = LAX/[ (Xyew +
M) yields

_ 1o _
E [(WTXq) (quw)] = EE [WququAXtTe(Xtew + nte)]
= %(E (W' xx) AX XpeW] + E [Wx,x) AX /1] )
= % (]E (W xex, AX/ X, W] + E [Wx,x) AX /] E [mc] )

=0

- %E [% T xgx] AX[ X, W] = %E[Tr (WW x,%] AX[X) |
- %Tr (B [ x,x] AX[X,.] )

8 E[ww'|E[x.x, ] AE [X/X¢| ) = Tr (Z:A),

m N— __/_q__/q N———

PN I m-Ig

where again A = (2T, + %gbjl)_l

Analyzing (c). Finally, we analyze E [(x, w)?]:

N 1 - 1 -
E [(X;W)Q] = EE [(X;AX;(XteW + nte))g} = WE {(X;—AX;XmW + X;AX;THE)Q}

B (] AX [ X0eW)?] + 2 [(x] AX]LX;oW) (x] AX )] +E [(x] AX[mic)?] )

=0
= — (B [x] AXLX oW W X X0 ATx,] +E [x] AX 00 X1 ATx,] ).
@ ©

We first focus on (d):

E [x] AX] X, %% X[ X; A x,] = E[Tr (xgx] AX ] X, %% XX, AT) }
= Tr (E [x,x] ] AE X[ X, %% X[ X,.] A7)
———
I
—E|Tr (AX X WW XL X AT) | = E| Tr (W9 XX ATAX[ X, |
=T (E[#% | E[XLX(ATAX] X, ) = E[ Tr (S X[ X1 ATAX[X,.) |
X

- ]E{Tr (ijexteztl/ 2t/ 2X;XMAT) } = E[Tr (X;ieitzite) ]

where X/ := AX]. and X; = 22/2X;. Note X/, = [Ax; ... Ax,]:=[X ... X,
where X; = Ax; ~ N(04,AAT), and X; = {22/2& 2%/2&4 =X ... X

where X; 1= 21/2 i N(04,%;). We can express X;Xm and X;ite as such:
m

m
<TX =T XX = %7
X Xie = E x;X; and X, X = E X;jX;

i=1 =1
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Therefore,

E |:TI' (X;Xtei;reite) :| =Tr (E [X:eiteijeife} )

i=1 j=1
m m

=Tr (Z D R [xiX] XX/ | ) +Tr (Z E [%:%; %%, | )
i=1 j#£i i=1

We first consider the case when 7 # j. In this setting, x; and x; are independent, so

E[xx/ %%/ | =E[%% |E[X;X]] = AE [xix, | S, E [x;x] | AT = AZ, A"
N—_—— N——
Id Id
Therefore,
Tr (Z ZE [ivijiji;q ) =m-(m—1)-Tr (AZ,AT).
i=1 j#i

We now consider the case where ¢ = j:

m

T (f:uz kol x]] ) = D[ T (%]
i=1 i=1

B[R %R X =D E[(x] ATAx)(x] Zix;)]

i=1 i=1

© . <2 Tr (AEtAT) +Tr (ATA) Tx (Et)>,

where (i) is because for a ~ N(04,I;) and fixed Q,R € R’ E|[(a'Qa)(a'Ra)| =
Tr (QR+R")) + Tr(Q) Tr (R) (see Section 8.2.4 in [26]).

We now focus on (e):

E [x] AXLmeen X ATx,) = E| T (x,x] AXLmen X AT) |

= Tr (E [x,x]] A [Xmem X A7) = Tr (B [AX en X AT] )

——
I

= Tr (E [y ),
where 7, := AX;me = 5(;77,56. Note the columns of )~(tTe are iid Gaussian with covariance AAT.
By Corollary 6 in [27], e ~ GALg(202AAT, 04,m/2), where GAL, (X, u, s) denotes a p-

dimensional multivariate generalized asymmetric Laplace distribution with mean sp and covariance
s(X + pp ") (Definition 1 and Proposition 2 in [27]). Therefore,

Tr (IE [ﬁteﬁ;] ) =Tr (Cov(ﬁte)) = mao?Tr (AAT).

Adding (a), (b), and (c¢). Adding the expressions for (a), (b), and (c), where (¢) = (d) + (e),
yields and combining like terms yields the following expression:

E [(Vvqu g — vAvqu)z] = T(S,) + 0% —2Tr (,A)
=(a) =(b)
1
+ o (m(m —D)Tr (AZAT) +2mTr (A, A7) +mTe(E) Tr (ATA) +mo® Tr (ATA) ) .
=(d) =(e)
—(©)
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Combining like terms yields
£ {(VN"TXq g — "AVTXq)ﬂ B (
m+1

M
=M, —Tr(ZA) + —Tr (ATA) - Tr (ZA) + —— Tr (AZ,A),
m m

1 m+1
—Tr (ATA) + 1> (Tr (1) + 02) —2Tr(ZA) + — —Tr (AZAT)

which is exactly Equation (18). This completes the proof. O

G.1.2 Proof of Proposition 1

Proof. For simplicity, we denote § := @, 1. Recall U := [Uy U, Uy, 1] € R¥*? where
U,, U, € R4*" and Uy, 1 € R*(d=27) g]] have orthonormal columns, while U:UL,S =0,x,
and U] U, =U] Uy, | = 0,,(4—2r). We re-write 3, as such:

2, =UU +e,=U ¥ UT+ea-u|d+eol uT.
) 0(d—r)x(d—r) Iy,
Note this is a valid eigendecomposition of 3. Thus, by Lemma 5, we have
1 M, -1
n n
where
n(l4e)
A= m:[r — I:l/lIT :|
(nFl)et M, ~ Lir voly

and M, = Tr(XZ,) + o2

By Lemma 1 (and omitting the subscripts in the expectation),

E {(g—g;TT(zq,ZM))Q] - (7711 Tr (ATA) + 1) (Tr (Et)+a2)—2Tr(EtA)+mT+l Tr (AS,AT) .

(20)
We simplify the remaining Tr(-) terms using Equation (19).

Simplifying Tr(A) and Tr(ATA). Directly from Equation (19):
Tr(A)=7r-v14+(d—71)-vy and Tr(ATA)=Tr(AY) =r-vi 4+ (d—71)- 12,
where A2 = UA?UT.
Simplifying Tr(X;A) and Tr(AX;AT). First note Tr(AZ;AT) = Tr(X;A2%). We first focus
on Tr(X;A):
A = (UU] +el;) UAUT = U,U/ UAUT + UAU"
= Tr(Z;A) = Tr (U UAUU,) + e Tr(A).

Recall we defined Uy, in Equation (4) as follows:

U; = U cos(®) + U, | sin(O).
Therefore:

U/ U = (U,cos(®) + U, sin(®)) [Uy, Uy Ui]=[cos(®) sin(®) Oyxa—ar],

and thus,

L, cos(®)
Tr (U/UAUTU,) = Tr ([cos(@) Sin(®)  Ogy (a—2r)] [ oI, 1 [ sin(©) ] )
volg—2r] [0@a—2r)xd
vy cos?(O)
=Tr vy sin?(©) =7 -vy-cos?(0) + 1 - vy - sin?(h),
O0(a—2r)x(d—2r)
where we used the fact that the principal angles are all equal to §. Using a similar argument,
Tr (2] A?) =717 cos?(0) +r - v3 -sin?(0) + e Tr(A?)
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Simplifying the Test Risk. Substituting the expressions for the Tr(-) terms into Equation (20)
yields

E [(ﬂ— Iarr(Zgs ZM))2:| :(%(TV% + (d - 7‘)”%) + 1) (T + ed + 02)
— 2 (rvy cos?(6) + rva sin®(0) + (rvy + (d — r)w2)e)

1
+ + (rvf cos?(6) + rvg sin®(0) + (rvg + (d —r)v3)e)

Substituting the expressions for v; and v, and taking € — 0 results in the following:

TTLQ

_ 2
. ~ *x (= = ’
E%E [(y_gATT(ZQ’ZM)> :| - (m(n+1+7”+02)2 +1) r+)
B 2rn cos(6) (m + 1)rn? cos®(0)
ntl+r+o? mn+l+r+o?)?

Subsequently taking m,n — oo yields
~ 2
: - ~ (s _ 2 200) — 1 ain? 2
mll_r)r(lxmll_}rroloelg%E {(y gATT(szM)) } r+o° —rcos®(0) = rsin®(0) + o*,

which completes the proof. O

G.1.3 Proof of Theorem 2

Proof. For simplicity, we denote § := ¥,,,41. Recall that by Lemma 1 and Lemma 3, we have
~ R 2 1
E {(y — garr(Zgs ZM)) } = (m Tr (ATA) + 1) (Tr () + 02)

1
Tr(SA) + P T (AR,AT, 1)
m

where A = (”T'HId + %2’1)_1, Mg = Tr(E) + 0% with ¥ = v3, + (1 — 7) X, | . First, we
simplify 3 as such:
Y=+ (1—7)%s1

=y(U U] +€-15) + (1 =) (U, LU, | +e Ly)

' (I=7)e-L.
:U|:7(1+€) L. 1 :|UT_|_U (1*7)(1+€)'Ir UT
Vet (1 —=7)e-Li—ar
(7 + 6) . I'r
=U (e—v+1) -1, u’,
€ Id—2r
and so we have
17
2 2 -1 vhe T 1 T
M;=Tr(¥)4+o0°=r+ed+o0c° and X =U —Ir U'.
114,
Then, by Lemma 5, we have
1 M, -1
A= <”+ I+ 2—1> —UAUT, 22)
n n
where
n(y+e)
mrDGroFn I o v -1,

— n(e—y — .

A= G = el
s ima . PP 3 - lg—or

We simplify the Tr(-) terms using Equation (22).
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Simplifying Tr(A) and Tr(ATA). Directly from Equation (22):

Tr(A) =7y +rve + (d — 2r)vz, and Tr(ATA) = Tr(A?) = rv? +rvd + (d — 2r)v3.
Simplifying Tr(X,A) and Tr(AX;AT). First note Tr(AX;AT) = Tr(X;A?). We first focus
on Tr(X;A):

SA = (U U] +el;) UAUT = U, U/ UAUT + UAU"
= Tr(Z;A) = Tr (U UAU 'U;) + e Tr(A).
Recall U; = U, cos(®) + U; | sin(@®), and so we have
U,/ U= (Uycos(®) + U, sin(®)) [U, U, Uy]=][cos(®) sin(®) Oyxa_a],

L, cos(®)
Tr (U/UAUTU,) = Tr ([cos(@) Sin(®)  Ogy (d—2)] [ vol,. 1 [ sin(@®) ] )
v3lg 2r] [0@a—2r)xd
vy cos?(O)
=Tr Vo sin?(®) =7 -vy-cos?(0) + 1 - vy - sin?(h),
O0(d—2r)x (d—2r)
where we used the fact that the principal angles are all equal to §. Using a similar argument,
Tr (2] A?) =71} - cos®(0) + - v - sin(0) + e Tr(A?)
Simplifying the Test Risk. Substituting the expressions for the Tr(-) terms into Equation (21)
yields

~ PO 2 1
E [(y — garr(Zq, ZM)) ] = (m(ryf +rv3 + (d—2r)v3) + 1> (r+ed+o?)
— 2 (rvy cos?(0) + rvasin®(0) + (11 + rvo + (d — 2r)v3) €)

1
L+ + (ryf cos?(0) + rv2 sin?(0) + (rz/f + 113+ (d— 27“)”3) €).

Then, taking € — 0:

. ~ * ~ ot 2
ll_ﬁ%]E |:<y_gATT(Zq7ZM)) } =

<nl¢ <7” (7(n+1;ﬂjrr+02>2 o ((1 7><($IY))ZT+C,2)2 +1>> (r+07)

Ly ( ryn cos?(6) (1 —~)nsin?(0) )
Yin+1)+r+02 (1—7)(n+1)+r+o2

1 2 1— 2
+ mrl 7 cos?(0) < o 2) + 7'51112(9)( (1 =7)n 2) .
m yn+1)+r+o I=y)n+)+r+o
Substituting v = 0.5 and combining like terms yields

: _ 5 )2 m+1+42(r+o?) rn? 2rn
lim E ( — in(Zg, Z ) —r o2 . _ .
Py [ Y= Girr(Zq, Za) } rrott m (n+142(r+02)2 n+14+2(r+0?)
Now suppose n < m. Then, we have

™

~ 2
: ~_ ok (5 < 2
E%E {(y gATT(ZQ7ZM)) } <r+o n+1+20r+02)
Upper bounding this by o + ¢ for some § € (0, 7), then solving for n, yields the following result.
For any 0 € (0,r), if

(2(r+0%)+1)r
)

- 2
then liH(l) E [(ﬂ — garr(2q, Z M)) ] < &% + 4, which completes the proof.
e—

m>n> —2(r+0*) +1),
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G.1.4 Proof of Theorem 3

Proof. The proof is similar to that of Theorem 2. Again let § := ¥,,+1. By Lemma 1 and Lemma 4,
we have

N 502 1 _ _
E [(y ~ G20, Zn) ) ] = (- T (ATA) + 1) (T (B) +0%) —2Tx (TeA) + % Tr (AS,AT),
(23)
M -1 X
where A = (ZHI; + 3= M, = Tr(2) + 0%, and & = Y 73, .
k=1
LetU:=[Us; Uss ... Ugg Uy], where U, € R (4=K7) completes the orthonormal

basis for R¢, By Lemma 5,

-1
A — <n+1 Ms 1> :UAUT,
n n

where
141 Ir

VKIT
vi+1la—kr

with vV = % forall k € [K], and VK41 = m
Simplifying Tr(X;). We can write Tr(3;) as such:
Te(E,) = Tr(U,U, ) + e Tr(Ly) = r + ed.

Simplifying Tr(A) and Tr(ATA). We can write Tr(A) and Tr(A T A) as such:

Tr(A)=71Y vk+(d—Krjvgr and Tr(ATA) =Tr(A?) =
k=1

(d— Kr) Z/KJr1

HMN

Simplifying Tr(3;A) and Tr(AZ;AT). Note Tr(AZ;AT) = Tr(XZ;A?%). We first focus on
Tr(ZA):

SA = (ﬁtﬁf + eId) UAUT = U,U, UAUT + cUAUT
— Tt (SA) = Tt (U, UAUTT,) + € Ta(A).

Recall U, = Z aUs , where Z ai =1, and so we have

k=1 k=1
a1 L,
K T !
= ZakUk [Us,l Us,K UJ_] =
k=1 agl,
O(a—Kr)x (d—Kr)
Thus,
a%ullr
Tr (UZUAUTﬁt> =Tr =r Z ozil/k
Q%VKIT _

0(d— Kryx(d—Kr)
Using a similar argument,

K
Tr (itTAQ) =r Z Qv +eTr (AQ) .
k=1
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Simplifying the test risk. Substituting the expressions for the Tr(-) terms into Equation (23)

yields
~  « s 2 1 - 2 2 2
]E|:(ygATT(ZQ7ZM)) } \m r Vit (d=Kr)vgy | +1 (r+ed+0)
k=1
K K
-2 <7’20‘in + (’I“ZVk + (d— KT)VK+1> 6)
k=1
K
1
er ( Zaka+ <7’Zug+(d—Kr)V12<+1> e) .
k=1

Taking ¢ — 0 results in the following expression for the test risk:

- . 5 2 (r+o%)r K Vi 2
: * _ 2
lg%E [(y_gATT(Zq’ZM)) } =rtot m ; ve(n+ 1) +r + o2

azyin (m+1)r K QYR 2
_ 9 Kk " ( kVk >
Z g(n+1)+r+0? m ; ve(n+1)+r+ o2

Substituting 7, = - for all k € [K] and combining like terms yields

m+ 1+ K(r+o0?) rn? 2rn

~ 2
lim E [(g_gXTT(ZmZM)) :| =r+o°+
e—0

Now suppose n < m. Then, we have

m n+1+K(r+02))? n+l+K@r+o2)

T’I’L2

n+1+K(r+o?)

~ 2
li_r}r(l)IE [(y — garr(Zq, ZM)) ] <r+4+o2—
Upper bounding this by o + § for some § € (0, ), then solving for n, yields the following result.
For any § € (0,r), if

(K(r+0?) +1)r
)

m>n > — (K(r+ 0% +1),

~ 2
then lin%)IE [(g — girr(Zqs ZM)> ] < 0% + 4, which completes the proof.
e—

G.2 Auxiliary Results

G.2.1 Optimal Linear Attention Weights

We first provide results on the form of the weights matrices after training a single-layer linear at-
tention model on the loss in Equation (10). The following results are largely inspired by Theorem
1 in [15], but are slightly different since we consider a normalization factor of 1/n in our linear
attention model.

Lemma 2 (Optimal Attention Weights [15]). Consider the independent data model in Equation (1)
where the task vector is drawn from w ~ N(0,X;), and let n € N denote the in-context prompt
length used at training. Then, the optimal linear attention weights obtained by minimizing the loss
in Equation (10) are given by
A 0 0
K=Wi =I4, Wh= [oT od} , and v* = [fl} : (24)

where A = (”THId + %2;1)7 and My = Tr(Z,) + o2, with empirical risk L = M, —
Tr (X,A).

Proof. The proof is the same as that of Theorem 1 in [15] by absorbing the 1/n factor into W¢. [
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Lemma 3 (Optimal Attention Weights for Mixture of 2 Gaussians). Consider the independent data
model in Equation (1) where the task vector is drawn from w ~ ~v-N(0,3)+ (1 —~)-N(0,X; 1)
for some v € (0,1). Let n € N denote the in-context prompt length used at training. Define
Y =+v-3s+4 (1 —7)-Xs, 1. Then, the optimal linear attention weights obtained by minimizing the
loss in Equation (10) are given by

it Wi Y ] e

where A = (“E1, + %2_1)71 and My = Tr(X)+02, with empirical risk L* = M,—Tr (ZA).

Proof. It is straightforward to see that if w ~ ~v - N'(0,X;) + (1 — ) - N(0, X, | ), then
Y=Cov(w)=7v -, +(1—7) s 1.
Then, the proof from Lemma 2 follows verbatim by using 3 instead of 3. O

Lemma 4 (Optimal Attention Weights for Mixture of K Gaussians). Consider the independent data

K
model in Equation (1) where the task vector is drawn fromw ~ > .- N (0, X i) withy;, € (0,1)
k=1
K
forallk € [K]and Y v, = 1. Let n € N denote the in-context prompt length used at training.
k=1
K
Define ¥ = > i - X5 . Then, the optimal linear attention weights obtained by minimizing the
k=1
loss in Equation (10) are given by

* * * A O * 0
k= Wy =Iap, Wi = [OdT Od} , and v* = {fl} ) (26)

where A = (L1, + %2*1)_1 and My = Tr(X)+02, with empirical risk L* = Ms—Tr (ZA).
K
Proof. The proof is equivalent to that of Lemma 3 by letting ¥ = ) X, , instead. O
k=1
G.2.2 Miscellaneous Results

Lemma5. Let 0 < 3 € R™? and ¢, k > 0 be constants. Then,

A
W )f) ... 8
2
(c-Lyt+k-2H)=v| o VT, @7)
0 0 .. M

cAg+k

where V. € R is an orthonormal matrix whose columns are eigenvectors of ¥, and \; is the ith
largest eigenvalue of 3.

Proof. Since 3 = 0, there exists an eigendecomposition & = VAV T such that V is an orthonor-
mal matrix and A is a diagonal matrix consisting of the real, positive eigenvalues of 3, denoted as
)\1, AQ, ey Ad. ThllS,

ct+ 0 0
-1 —1yT -1 0 CJF/\# 0 T
¥ '=VATV = cLij+k-X" =V . . Vv
0 0 ct
A
— (e Li+k-2 N = VAV
which completes the proof. O
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The paper is about in-context learning, which the main body of the paper
discusses.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims made
in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* Itis fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We discuss the limitation of the paper in the conclusion, which is simplifica-
tion of the model to linear attention for analysis.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

» The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be used
reliably to provide closed captions for online lectures because it fails to handle technical
jargon.

* The authors should discuss the computational efficiency of the proposed algorithms and

how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to ad-

dress problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]
Justification: The proofs available in the Appendix clearly outlines the assumptions.
Guidelines:

* The answer NA means that the paper does not include theoretical results.

e All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: We discuss the experimental setup in the main body, as well as the Appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all sub-
missions to provide some reasonable avenue for reproducibility, which may depend on
the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: We will release the code upon completion of the double-blind review process.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We clearly discuss the experimental setup in the main body, as well as the
Appendix.

Guidelines:

* The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We include error bars for the LoRA experiments. Error bars were omitted
for the experiments supporting the theory, as the theoretical results describe the risk in
expectation; thus, reporting the average aligns naturally with the theory.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of
Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: See Appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We have reviewed the guidelines and our paper reflects this.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

o If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: There are no societal impacts of this paper.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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11.

12.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the tech-
nology is being used as intended but gives incorrect results, and harms following from
(intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This paper does not pose such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

» Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We cite the appropriate papers where necessary.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the license
of a dataset.

27


paperswithcode.com/datasets

13.

14.

15.

» For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [Yes]
Justification: We will release our code upon completion of the review process.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license, lim-
itations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA|
Justification: N/A
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: N/A

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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16. Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [Yes]

Justification: The paper is about emergent capabilities of LLMs. LLMs are the backbone
for ICL, which we use for experiments (e.g., GPT-2). LLMs were not used for any other
components of this paper.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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