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Abstract

Transformers can fit to algorithmic tasks but often fail under simple distribution
shifts, reflecting inappropriate inductive biases. We propose the differentiable
First-After-Last (FAL) head, an extension to attention that biases models to im-
plement reliable solutions for two synthetic benchmarks: Flip-Flop Language
(FFL) and Cycle Tracing (CT). Unlike regular rotary Transformers, adding a FAL
head yields perfect accuracy on FFL sequences far longer than those seen in train-
ing, and accurate extrapolation to much longer CT cycles. These results show
that small architectural modifications can improve algorithmic generalization in
Transformers.

1 Introduction

Transformer models are often used in settings that implicitly assume some capacity for algorithmic
execution, such as maintaining memory or logical flow control. Yet despite their ability to fit training
distributions for such tasks, training does not elicit robust algorithms.

Prior work shows that rather than learning the intended algorithm, Transformers converge to mech-
anisms that break when used out-of-distribution [7, [10][S, Section5.2]. We illustrate this with two
synthetic benchmarks. Flip-Flop Language (FFL) [4] requires simulating a one-bit register by writing
and later retrieving state. Cycle Tracing (CT) requires following edges in a cycle graph, testing
the ability to retrieve the successor of a given key. Standard Transformers with rotary positional
embeddings (RoPE) fit both training tasks but fail under simple distribution shifts, such as longer
sequences or larger cycles.

A range of architectures that show evidence of algorithmic generalization and generalization to longer
sequences have been proposed: Neural Turing Machine [2] and the Neural GPU [11]]. More substantial
modifications of the Transformer itself have also been explored: The Universal Transformer [1]], the
Compressive Transformer [9]], hybrid state space models like S4 [3]], and SWAN [8]]. In contrast, we
introduce a much smaller intervention: a single specialized attention head biased toward the “find
last, return next” pattern required by both FFL and CT.

We introduce the First-After-Last (FAL) head, which retrieves the value following the most recent
key positively associated with the query. Adding a FAL head to a Transformer suffices to induce
robust generalization: perfect accuracy on FFL across sequences far longer than seen in training,
and accurate extrapolation to much longer CT cycles. These results highlight the value of targeted
inductive biases for eliciting robust algorithmic behavior in Transformers.

2 Task and Method

FFL [4] simulates the storage and retrieval of a single bit. Each input is a sequence of instruction—value
pairs: write (w), read (r), or ignore (i), with values 0 or 1. A read should output the most recently



written bit. For example, wlw0iOr0 writes 1, overwrites it with 0, ignores one token, and then reads
0. Instructions are sampled independently with fixed probabilities.

CT simulates simple graph traversal. The input lists edges between 3-digit node identifiers and speci-
fies a start node. For example, E 984,456 345,984 456,345 C 345 encodes a cycle over nodes
{984,456, 345} starting at 345. The target output is the traversal 984 456 345 984 456 ..., re-
peated until the token budget is exhausted. Task difficulty scales with cycle length. Models are scored
by transition accuracy: the proportion of predicted nodes matching the ground truth, conditioned on a
perfect generation so far.

Both tasks require querying positions derived from the current token and retrieving information that
immediately follows. In FFL, a read token must locate the most recent write (or read) and return
the subsequent bit. In CT, the current node must locate its outgoing edge and return the next node.
Standard Transformers approximate these mechanisms but fail to do so robustly under distribution
shift.

Figure 1: A First-After-Last (FAL) head selects the latest position where ¢k, > 0 and returns
T
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The FAL attention head is designed to perform this operation more directly (Figure[I]and listing|[T).
For query ¢;, the head selects the most recent key k, with ¢;' k, > 0 and outputs the next value vy |
weighted by (g;' k¢). Adding FAL heads suffices to induce better generalization: In FFL, it achieves
perfect accuracy on longer and differently sampled sequences, and in CT, it enables extrapolation to

cycles several times longer than those seen in training (Table [I)).

By focusing only on the latest positive association rather than all previous ones as in standard attention,
the model is biased towards a more robust implementations of the solution. Mechanistic inspection
further confirms that the head behaves as intended: in FFL, read tokens attend to the latest write or
read and correctly return the most recent bit (Appendix B).

Table 1: Transformer with FAL performs perfectly OOD on Flip-Flop Language (FFL) and works on
8x longer sequences in Cycle Tracing (CT). F(pignore) are sequences where ignore instructions are
sampled with pignore probability.

FFL CT
Model In-dist. F(0.6) F(0.98) Len 1024 (F(0.6)) Traincycle 4x length 8x length
GPT + RoPE 1.00 0.151 0.50 0.9999 0.178 0.04
FAL-GPT + RoPE 1.00 1.00 1.00 1.00 1.00 0.995

3 Conclusion

This work revisits the problem of generalization in algorithmic tasks using two simple algorithmic
tasks. Despite achieving perfect in-distribution accuracy, standard Transformers fail under simple
distribution shifts. Our differentiable FAL head enables robust out-of-distribution generalization for
both tasks, highlighting the value of explicit architectural biases in guiding models toward reliable
algorithmic behavior.
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A Model specifics

All models are based on the GPT-NeoX implementation from huggingface: Each layer uses layer-
norm and parallel residual paths = z + attn(lnl(z)) + mlp(In2(x)). MLPs fan out to 3x the
hidden dimension size and use gelu nonlinearities. Positional encoding is handled by RoPE and,
input and output embeddings are distinct.

A.1 Flip-Flop Language

Our base model contains 6 layers with 64 hidden dimensions, 4 heads with 16 dimensions per head.
All head dimensions are rotated by RoPe, and the rotations are set for a maximum sequence length of
2048 tokens.

Models are trained with adamW [6] with linearly decaying learning rate with a maximum of 10~
achieved after 100 warm-up steps. The rest of the parameters are set to 5; = 0.9, 82 = 0.999, ¢ =
108, and no weight decay is used.

Following [4] we denote F'(pignore) the distribution of FFL sequences sampled by selecting each

instruction iid with probabilities: Pignore, Pread = Pwrite = PPT We train Transformer models with
RoPE on sequences of 512 instructions sampled from F'(0.6). We train for 12,000 steps with batch
sizes of 128, and sequences of 512 instructions (1024 tokens).

A.2 Cycle Tracing

Our base model contains 12 layers with 768 hidden dimensions. The best base OOD precision is
achieved with a single head with 768 dimensions. Therefore for our base model we use a single (768)
dimensional head for each layer. For the FAL model we split this head into two: a regular attention
head with 768-64 dimensions and a single FAL head with 64 dimensions.
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Models are trained with adamW [6]] with linearly decaying learning rate with a maximum of 5 x 10~°
achieved after 1000 warm-up steps. The rest of the parameters are set to 51 = 0.9, 2 = 0.999, ¢ =
1078, and no weight decay is used.

To generate training graphs we sample node counts uniformly in the range [10, 50], select node
identifiers by sampling distinct integers in the range [0, 999] and zero padding them to three digits,
and we sample an initial node uniformly from the set. We shuffle the edges with a random permutation
before generating the input.

B Mechanistic inspection of trained FFL models
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Figure 2: Attention pattern First-After-Last head on 3rd layer of model

We inspect the locations to which the First-After-Last head attends to, and observe that in fact they
behave as expected. Figure [2]indicates the location of the last positive attention (top) that precedes
the present token (bottom). As expected we see that the read tokens attend to the locations where the
information is last contained. Either the last write operation, or the last read operation.

C The first-after-last head

Algorithm 1 First After Last Head

Require: Last-token index ¢; KV-cache keys {k1, ..., k¢—1} and values {v1,...,vp—1}
Require: Projection matrices Wx, Wy, W, and output projection Wo

1: Compute projected vectors:
k?g — WK.’I}g, Vp < Wvl‘g, qr < WQ.%‘@
2: Compute attention scores for all previous keys:
Si (k:iqu) fori=1,...,0—1
3: Find most recent positive match:
m<max{i</{ : s >0}

if m # () then

return S,, - Upm41;
else

return 0;
end if
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